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PREFACE 


I T is scarcely necessary to apologise for writing a 
book on ^-dimensional geometry. One should 
regret rather the comparative neglect which the 
subject has suffered at the hands of British mathe- 
maticians.* Yet one may almost say that this country 
was its home of origin, for, with the e.vception of a few 
previous sporadic references, the first paper dealing ex- 
plicitly with geometry ofn dimensions was one by Cayley 
in 1843, and the importance of the subject was recog- 
nised from the first by three of our most famous pure 
mathematicians — Cayley, Clifford, and Sylvester. On 
the Continent the classical works of Grassmann and 
Schlafli attracted at first no attention. Schlafli’s re- 
markable memoir, in fact, failed to secure publication, 
and in spite of Cayley’s gallant attempt at rescue by 
translating and publishing part of it in the “ Quarterly 
Journal” it remained unknown until it was found and 
published several years after the author’s death, and 
fifty years after it was written. By that time Schlegel 
and others in Germany had made the subject well 
known, but mostly in its metrical aspect. The wonder- 
ful projective geometry of hyperspace has been almost 
entirely the product of the gifted Italian school of 

* In the twenty-seven volumes of the new series of the Proceedings of 
the London Mathematical Society there are barely a dozen papers dealing 
with higher space. On the other hand, it is interesting to notice that there 
are about an equal number in the three volumes of the Journal ; this seems 
to indicate a revival of interest. 
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geometers ; though this branch also was inaugurated by 
a British mathematician, W. K. Clifford, in 1878. 

The present introduction deals with the metrical 
and to a slighter extent with the projective aspect. A 
third aspect, which has attracted much attention recently, 
from its application to relativity, is the differential aspect. 
This is altogether excluded from the present book. 

In writing this book I have not attempted to produce 
a complete systematic treatise, but have rather selected 
certain representative topics which not only illustrate the 
extensions of theorems of three-dimensional geometry, 
but reveal results which are unexpected and where 
analogy would be a faithless guide. 

The first four chapters explain the fundamental ideas 
of incidence, parallelism, perpendicularity, and angles 
between linear spaces ; and in Chapter I there is an 
excursus into enumerative geometry which may be 
omitted on a first reading. Chapters V and VI are 
analytical, the former projective, the latter largely 
metrical. In the former are given some of the simplest 
ideas relating to algebraic varieties, and a more detailed 
account of quadrics, especially with reference to their 
linear spaces. In the latter there are given, in addition 
to the ordinary cartesian formulse, some account and 
applications of the Pliicker-Grassmann co-ordinates of 
a linear space, and applications to line-geometry. The 
remaining chapters deal with polytopes, and contain, 
especially in Chapter IX, some of the elementary ideas 
in analysis situs. Chapter VIII treats of the content of 
hyperspatial figures, and the final chapter establishes 
the regular polytopes. 

A number of references have been given at the ends 
of the chapters. Some of these are the original works 
in which the various theories were first expounded, others 
are a selection of more recent works in which a fuller 
account may be found. Reference may be made to the 
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author’s “ Bibliography of Non-Euclidean Geometry, 
including the theory of parallels, the foundations of 
geometry, and space of n dimensions” (London : Har- 
rison, for the University of St. Andrews. 1911), which 
contains, in addition to a chronological catalogue, a 
detailed subject index and an index of authors. 

I am indebted in particular to Schoute’s “ Mehr- 
dimensionale Geometric” (Leipzig, 2 vols., 1902 and 
1905), Bertini’s “ Introduzione alia geometria proiettiva 
degli iperspazi” (Pisa, 1907), and the various articles 
of the “ Encyklopadie der mathematischen Wissen- 
schaften.” 

For assistance in correcting the proofs I have to 
thank Mr. F. F. Miles, M.A., Lecturer in Mathematics 
at this College. 

D. M. Y. S. 


Victoria University College, 
Wellington, N.Z., May , 1929. 
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CHAPTER I 

FUNDAMENTAL IDEAS 

I. Origrins of Geometry. Geometry for the individual begins 
intuitional ly and develops by a co-ordination of the senses of 
sight and touch. Its history followed a similar course. The 
crude ideas of shape, bulk, superficial extent, and length 
became analysed, refined, and made abstract, and led to the 
conception of geometrical figures. The development started 
with the solid ; surface and line, without solidity, were later 
abstractions. Witness the inability of most animals and some 
primitive races of men to recognise a picture. Having no 
depth, except such as is imitated by the skilfulness of the drawing 
or shading, it conveys to the undeveloped intelligence only an 
impression of flat regions of contrasted colouring. When the 
power of abstraction had proceeded to the extent of conceiving 
surfaces apart from solids, plane geometry arose. The idea of 
dimensionality was then formed, when a region of two dimen- 
sions was recognised within the three-dimensional universe. 
This stage had been reached when Greek geometry started. 
It was many centuries, however, before the human mind began 
to conceive of an upward extension to the idea of dimensionality, 
and even now this conception is confined to the comparatively 
very small class of mathematicians and philosophers. 

2. Extension of the Dimensional Idea. There are two 
main ways in which we may arrive at an idea of higher 
dimensions : one geometrical, by extending in the upward 
direction the series of geometrical elements, point, line, surface, 
solid ; the other by invoking algebra and giving extended 
geometrical interpretations to algebraic relationships. In what- 
ever way we may proceed we are led to the invention of new 

I 
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elements which have to be defined strictly and logically if exact 
deductions are to be made. A great deal is suggested by 
analogy, but while analogy is often a useful guide and stimulus, 
it provides no proofs, and may often lead one astray if not 
supplemented by logical reasoning. If we follow the geometrical 
method the only safe course is that which was systematically 
laid down for the first time by Euclid, that is to lay down a 
basis of axioms or assumptions. When we leave the field of 
sensuous perception and can no longer depend upon intuition 
as a guide, our axioms will no longer be self-evident truths,'* 
but simply statements, assumed without proof, as a basis for 
future deductions. 

3. Definitions and Axioms. In geometry there are objects 
which have to be defined, and relationships between these 
objects which have to be deduced either from the definitions 
or from other simpler relationships. In defining an object we 
must make reference to some simpler object, hence there must 
be some objects which have to be left undefined, the inde- 
finables. Similarly, in deducing relations from simpler ones 
we must arrive back at certain statements which cannot be 
deduced from anything simpler ; these are the axioms or 
unproved propositions. The whole science of geometry can 
thus be made to rest upon a set of definitions and axioms. 
The actual choice of fundamental definitions and axioms is 
to a certain extent arbitrary, but there are certain principles 
which have to be considered in making a choice of axioms. 
These are : — 

(1) Self-consistency, The set of axioms must be logically 
self-consistent. No axiom must be in conflict with deductions 
from any of the other axioms. 

(2) Non-redundance or Independence, This condition is not 
a necessary one, but in a logical scheme it is desirable. Peda- 
gogically the condition is frequently ignored. 

( 3 ) Categoricalness. This means not only that the set of 
axioms should be complete and sufficient for the development 
of the science, but that it should be possible to construct only 
a unique set of entities for which the axioms are valid. It is 
doubtful whether any set of axioms can be strictly categorical. 
If any set of entities is constructed so as to satisfy the axioms, 
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it is nearly always, if not always, possible to change the ideas 
and construct another set of entities also satisfying the axioms. 
Thus with the ordinary ideas of point and straight line in plane 
geometry the axioms can still be applied when instead of a point 
we substitute a pair of numbers (or, j), and instead of straight 
line an equation of the first degree in Jtr and jy ; corresponding 
to the incidence of a point with a straight line we have the fact 
that the values of x and jy satisfy the equation. It is desirable, 
in fact, that the set of axioms should not be categorical, for 
thereby they are given a wider field of validity, and propositions 
proved for the one set of entities can be transferred at once to 
another set, perhaps in a different branch of mathematics. 

4. The Axioms of Incidence. As indefinables we shall 
choose first the pointy straight limy and plane. With regard to 
these we shall proceed to make certain statements, the axioms. 
If these should appear to be very obvious, and as if they might 
be taken for granted, it will be a good corrective for the reader 
to replace the words point and straight line, which he must 
remember are not yet defined, by the names of other objects to 
which the axioms may be made to apply, such as “ committee 
member” and '‘committee.” Following Hilbert we divide the 
axioms into groups. 


THE AXIOMS 
Group I 

AXIOMS OF INCIDENCE OR CONNECTION 
I. I. Any two distinct points uniquely determine a straight 

line. 

We imagine a collection of individuals who have a craze for organisa- 
tion and form themselves into committees. The committees are so 
arranged that every person is on a committee along with each of the 
others, but no two individuals are to be found together on more than one 
committee. 

I. 2. If A, B are distinct points there is at least one point not 
on the straight line AB. 

This is an “ existence-postulate.” 

I. 3. Any three non-collinear points determine a plane. 
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I. 4. If two distinct points B both belong to a plane a, 
every point of the straight line AB belongs to a. 

From I. I it follows that two distinct straight lines have 
either one or no point in common. From I. 4 it follows that 
a straight line and a plane have either no point or one point in 
common, or else the straight line lies entirely in the plane ; from 
1. 3 and 4 two distinct planes have either no point, one point, 
or a whole straight line in common. 

I. 5. If Ay B, C are non-collinear points there is at least one 
point not on the plane ABC. 

I. 2 and 5 are existence-postulates ; 2 implies two-dimensional 
geometry, and 5 three-dimensional. 

The next of Hilbert’s axioms is that if two planes have one 
point A in common they have a second point B in common, and 
therefore by I. 4 they have the whole straight line AB in 
common. If this is assumed it limits space to three dimensions. 

5. Projective Geometry. There is a difficulty in deter- 
mining all the elements of space by means of the existence 
postulates and other axioms, for while Axiom I. i postulates 
that any two points determine a line, there is no axiom which 
secures that any two lines in a plane will determine a point. 
In fact, in euclidean geometry this is not true since parallel lines 
have no point in common. For the present therefore we shall 
confine ourselves to a simpler and more symmetrical type of 
geometry, projective geometry ^ for which we add the following 
axiom : 

L i'. Any two distinct straight lines in a plane uniquely 
determine a point. 

6. Construction of Three-dimensional Space. We may 

proceed now to obtain all the elements, points, lines, etc., of 
space with the help of the existence postulates and other axioms. 
Starting with two points A, B we determine the line AB, and 
on this we shall suppose all the points determined. Taking 
a third point C, not on AB, a plane ABC is determined. In 
this plane there are determined : first, the three points A, B, C, 
then the three lines BC, CA, AB and all their points ; then all 
lines determined by two points one on each of two of these 
lines, and since every line in the plane meets these three lines 
all the lines of the plane are thus determined ; finally any point 
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of the plane is determined by the intersection of two lines 
which have already been determined, e.g. if P is any point of 
the plane, the line PA cuts BC in a point L and PB cuts CA 
in a point M ; there are therefore two points, L on BC and M 
on CA, such that LA and MB determine P. 

We next take a point D not in the plane ABC, and deter- 
mine planes, lines and points as follows : first, the planes DBC, 
DCA, DAB and all the lines and points in these planes ; then 
the lines determined by joining D to the points of ABC, and all 
the points on these lines, and all the lines and planes determined 
by any two or any three of the points thus determined. Jf now 
P is any point we cannot be sure that it is one of the points thus 
determined unless the line DP meets the plane ABC. P'or this 
we could assume as an axiom : every line meets every plane 
in a point,’' which is true for projective geometry of three 
dimensions ; but a weaker axiom, which is true also in euclidean 
geometry, is sufficient, viz. Hilbert’s axiom : 

I. 6. If two planes have a point A in commo 7 t^ they have a 
second point B in common. 

Then if P is any point, the planes PAD and ABC, which 
have the point A common, have another point, say Q, common, 
and the lines AQ and DP which lie in the same plane determine 
a point R which lies in the line DP and also in the plane ABC. 
Hence DP meets the plane ABC, and therefore all points are 
obtained by this process. 

If / is any line (Fig. i), determined by the two points P, Q, 
the planes PQD and ABD, having D in common, intersect in a 
line which cuts PQ in N, say, and AB in E ; then PQ and CE 
lie in the same plane and therefore meet in a point Z. Hence 
every line cuts the plane ABC. 

7. If a is any plane (Fig. 2), determined by the three points 
P, Q, R, and O is a point not in this plane, the lines OP, OQ, 
OR cut ABC in P', Q', R'. QR and Q'R', being in the same 
plane, intersect in a point X. Similarly RP and R'P' intersect 
in Y, and PQ and P'Q' in Z. Hence every plane cuts the 
plane ABC. 

The points X, Y, Z all lie in both of the planes PQR and 
P'Q'R' and are therefore collinear. This theorem is known as 
DesargueP Theoremy PQR and P'Q'R' being two triangles in 
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perspective. (It is interesting to note in passing that the 
corresponding theorem for two triangles in perspective in the 
same plane cannot be proved without the assumption of three 
dimensions or some special axiom in addition to those which 
we have assumed) 

We can now prove that any two planes intersect in a line. 
Let a and a' be any two planes. We have seen that every 
plane cuts ABC in a straight line. Let a and a cut ABC in 
the lines / and I, These lines intersect in a point P which is 
therefore common to the two planes, and therefore the two 
planes, having a point in common, intersect in a straight line. 

Next, every line cuts every plane in a point. For if is any 




plane through the given line /, this plane cuts the given plane 
a in a line m, and the two lines I and lying in the same 
plane, intersect in a point, which is common to I and a. 

Lastly, any three planes have a point in common. For the 
planes a, )3 intersect in a line /, and / cuts y in a point ; this 
point is common to the three planes. 

8. Extension to Four Dimensions. All the points, 
lines and planes determined from four given non-coplanar 
points form a three-dimensional region, which is ordinary 
projective space of three dimensions. We proceed to postulate 
the existence of at least one point E not in this region. The 
three-dimensional region is not now the whole of space, but 
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will be called a hyperplane lying in hyperspace. A hyperplane 
is thus determined by four points. We may determine 
similarly the hyperplanes ABCE, ABDE, etc., and the planes, 
lines and points in them, and further the hyperplanes, planes, 
and lines determined by four, three, or two points not all lying 
in one of these hyperplanes. The hyperplanes ABCE and 
ABDE have the three points A, B, E in common and therefore 
the plane ABE. We may show that any two hyperplanes in 
this region have a plane in common. For example, if a and a 
are two hyperplanes determined by four points P, Q, R, S and 
P'l Q', S' lying on EA, EB, EC, ED respectively, PQ 
and P'Q', being in the plane EAB, cut in a point Z, similarly 
QR and Q'R' cut in a point X, and RP and RT' in a point Y ; 
PS and P'S' cut in U, QS and Q'S' in V, RS and R'S' in W. 
The six points X, Y, Z, U, V, 

W are thus all common to a 
and a'. These six points form 
the vertices of a complete quad- 
rilateral (Fig. 3) whose sides 
are XYZ, the intersection of the 
planes PQR and P'Q'R', XVW, 
the intersection of QRS and 
Q'R'S', etc. The six points are 
thus coplanar, and this plane is 
common to the two hyperplanes a and a'. 

Thus in this region, space of four dimensions, two hyper- 
planes intersect in a plane. Similarly three hyperplanes inter- 
sect in a line, four hyperplanes in a point, while five hyperplanes 
do not in general have any point in common. A hyperplane 
cuts a plane (intersection of two hyperplanes) in a line, and a 
line in a point. Two planes, each the intersection of two 
hyperplanes, have in general only one point in common, a 
plane and a line in general have no point in common. 

A hyperplane is determined by four points, a point and a 
plane, or by two skew lines. 

9. Degrees of Freedom : Dimensions. A point in a line 
is said to have one degree of freedom, in a plane two, in a 
hyperplane three, and in the hyperspacial region four. The 
point being taken as the element, a line is said to be of one 
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dimension, a plane two, a hyperplane three, and the hyper- 
spacial region four. For a point to be in a given hyperplane 
one condition is required, or one degree of constraint, thus 
reducing the number of degrees of freedom from four to three. 
For a point to lie in a plane two conditions are required ; if 
it is to lie simultaneously in two planes four conditions are 
required and it is completely determined. 

10. Extension to n Dimensions. We may now extend 
these ideas straightaway to n dimensions, and at the same time 
acquire both greater generality and greater succinctness in ex- 
pression. The series point, line, plane, hyperplane (or as it 
is more explicitly termed three-jiat\ . . ., ;^-flat are regions 
determined by one, two, three, four, . . ., + i points, and 
having zero, one, two, three, . . ., « dimensions, i.e. an r-flat 
is determined hy r + i points, and every /-flat (/ < r) which 
is determined by/ + i of these points lies entirely in the r-flat. 
We shall suppose that the ;?-flat, or space of n dimensions, 
contains all the points. A /-flat, or hyperplane of / dimensions 
will be denoted by S^. A flat space is also called a linear space> 

11. Independent Points. If / + i points uniquely deter- 
mine a /-flat they must not be contained in the same (/ - i)- 
flat. Also no r of them (r /) must be contained in the same 
{r - 2)-flat, for this {r - 2)-flat, which is determined by r - i 
points, together with the remaining / + i - r points, would 
determine a (/ - i)-flat. We shall call a system of / -f i 
points, no r of which lie in the same {r - 2)-flat, a system of 
linearly independent points. Any / + i points of a /-flat, if 
they are linearly independent, can be chosen to determine the 
/-flat. 

12. Consider a /-flat and a ^-flat, which are determined 
respectively by / + i and ^ + i points. If they have no 
point in common we have / + ^ + 2 independent points which 
determine a (/ + ^ -f i)-flat. Hence a p~jlat and a q-flat taken 
arbitrarily lie in the same (/ + ^ + lyjlat. 

li p + q + I is greater than n the two flats will have a 
region in common. Let this region be of dimensions r. In 
this region we may take r + i independent points ; to deter- 
mine the /-flat we require / - r additional points, and to 
determine the ^-flat q - r additional points, i.e. altogether 
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(r + i) + (/ - ^) + (5^ - r) = / + ^ - r + I, and these de- 
termine R (p + g - r)-flat. Hence 

A p’jlat and a q-Jlat which have in common an r-jlat are both 
contained in a {^p q - ryjlat ; if they have no point in common 
they are both contained in a (p + q + 1 yflat. 

A p-Jiat and a q-flat, which are both contained in a?i n-flat, 
have in common {p + q - nfflat^ provided / + ^ ^ i. 

If/ + q <in they have no point in common. When two flats 
do not intersect we may say that they intersect in a ( - i )-flat. 

13. Degrees of Freedom of Linear Spaces. A /-flat 
requires / + i points to determine it, and each point requires 
n conditions to determine it in space of n dimensions. But we 
have in the choice of each point / degrees of freedom. Hence 
the number of conditions required to determine the /-flat in 
space of n dimensions is (/ + i){n -/), i.e. the number of degrees 
of freedom of a p-flat in an n-flat is (p + i)(n - /). This is 
called the constant-number of the /-flat. 

This result may be proved otherwise, thus. Take any 
/ + I fixed {n - /)-flats. The /-flat cuts each of these in a 
point, and these / + i points determine the /-flat. Each point 
has n - p degrees of freedom in its {n - /)-flat. Hence the 
total number of degrees of freedom of the /-flat is (/ + i)(/^ ~ /). 

If the /-flat has r points fixed, / -f i - r points are still 
required to determine it, hence the number of degrees of freedom 
of the /-flat is {n - /)(/ ~ r 4- i); hence also the number of 
degrees of freedom of a p-flat lying in a given n-flat afid passing 
through a given r-flat is (n - /)(/ - r). 

14. The degree of incidence of a /-flat and a ^-flat can be 
represented by a fraction. Let / > ^. Complete incidence, 
when the /-flat contains the ^-flat, can be represented by i ; 
skewness, when they have no point in common, by o. If they 
have in common an r-flat, the degree of incidence can be repre- 
sented by the fraction (r + i) / (^^ + O* 

15. Duality or Reciprocity. A /-flat and an (« - / ~ i)- 
flat in Sn have the same constant-number (/ + i )(^ ~ /). A 
(i, i) correspondence between points and {n - i)-flats can be 
established in various ways, so that to the line joining two points 
P, Q corresponds the (n - 2)-flat of intersection of the two cor- 
responding (n - i)-flats. If three points are collinear their 



10 


GEOMETRY OF N DIMENSIONS [i. i6 


corresponding (n - i)-flats pass through the same - 2 )-flat 
To a - i)-flat, which is determined by / given points, corre- 
sponds the (n - /)-flat common to the (n - i )-flats which cor- 
respond to the p points. 

16. Number of Conditions Required for a given Degree 
of Incidence. In S^ a /-flat has {n - /)(/ + i) degrees of 
freedom, but if it passes through a given r-flat it has only 
{n - /)(/ - r) degrees of freedom. Hence the number of 
conditions that a p-flat in should pass through a given r~flat 
{n >/ > r) is {n - f){r + i). 

If the r-flat is free to move in a given ^-flat, it has 
{r + i)(^ - 0 degrees of freedom. Hence the nu^nber of 
conditions that a pfat and a q-flat in should, intersect 
in an rfat is (r + i)(n - p - q r). This implies that 
p + q n + r. lip + q^n + r they intersect in a region 
of dimensions p q - n, which is greater than r. 

17. Incidence of a Linear Space with two or more 
Linear Spaces. Enumerative Geometry. In S3 a line 
has 4 degrees of freedom (constant-number 4), and the number 
of conditions that it should intersect another line is i. Hence 
a line which cuts a fixed line has 3 degrees of freedom, and the 
whole system of lines all cutting a fixed line forms a three-dimen- 
sional assemblage which is a particular case of a congruence ; the 
system of lines cutting two fixed lines forms a two-dimensional 
assemblage, a particular case of a complex ; and the system of 
lines cutting three fixed lines forms a one-dimensional assemblage, 
a line-series. A line which is required to cut four given lines is 
deprived of all freedom. The line is not, however, uniquely 
determined. An important problem, which belongs to a branch 
of mathematics called enumerative geometry^ is to determine the 
number of linear spaces which satisfy given conditions, in num- 
ber equal tp the constant-number of the linear space. 

This problem can sometimes be solved directly by simple 
geometrical considerations. As an example let us find the 
number of lines in S5 (constant-number 8) which pass through 
a given point O (4 conditions) and cut two given planes a, b 
(2 conditions for each intersection). The required line must 
lie in each of the 3-flats {Od) and (O^), hence it is uniquely de- 
termined as the intersection of these two 3-flats. 
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18. Principle of Specialisation. The determination of 
the number of lines which cut four lines in S3 is not so simple, 
and we apply a very useful principle, called by Schubert the 
“conservation of number'' (Erhaltung der Anzahl), or “prin- 
ciple of specialisation." The principle is that the number of 
elements determined will be the same if the determining figures 
are specialised, provided the number does not thereby become 
infinite. In simple cases it is equivalent to the statement in 
algebra that the number of roots of an algebraic equation is not 
altered if the coefficients are specialised in any way, unless, 
indeed, the equation becomes an identity. 

As an example of the application of this principle let us 
complete the problem to determine how many lines in Sg cut 
four given lines. Let the four lines intersect in pairs : a and b 
in P, c and d in Q. A line which cuts both a and b must 
either pass through P or lie in the plane {ab ^ ; and as P must 
not lie in the plane {cd\ nor Q in the plane {ah), for in either of 
these cases there would be an unlimited number of lines cutting 
all four lines, the required line must either pass through both P 
and Q, or lie in both of the planes {ab) and {cd). Hence there 
are two lines satisfying the given conditions. 

19. The general enumerative problem relating to linear 
spaces is : to find the number of /-flats which have incidence of 
specified degrees with a given set of linear spaces, the number 
of assigned conditions being equal to the constant-number of 
the /-flat. 

Let {n \ p, q \ r) represent the condition that a /-flat and 
a ^-flat in should intersect in an r-flat. If P and Q repre- 
sent any conditions, the product PQ is taken to mean that 
both conditions must be simultaneously satisfied ; the sum 
P + Q that one or other of the conditions is satisfied. Thus 
(3 : 2, o : o)(3 : 2, I : i) means the condition that a plane in S3 
should contain a given point and a given line; (3:1, 1:0/ 
means the condition that a line in Sg should cut four given lines. 

The number of simple conditions involved in (n :p, q : r) 
may be denoted by C{n py q \ r), and we have proved that 
C{n :py q:r) ^ {r + i){n - p -- q r). 

The constant-number of a /-flat in Sn is equal to 
C(« :/,/ :/) - (/ + i){n - /). 
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We may also represent the number of elements determined by 
a given condition by prefixing N to the symbol of the condition. 
Thus N(3 : I, i :o)^ = 2. 

20. Duality in Enumerative Geometry. The duality be- 
tween the /-flat and the {n - p - i)-flat extends to enumera- 
tive problems. Not only are the constant-numbers equal, viz. 
(/ + i){n ~ /), but we have also, as is easily verified, 

Q>{n :/,$': ^) == ^{n \ n - p - l, n ~ q - \ : n - p - q -h r - l) ; 

and the number of /-flats determined by (/ 4- i )(n - /) simple 
conditions is equal to the number of (n - p - i)-flats deter- 
mined by the corresponding reciprocal conditions. Thus in S4 
there are two lines which lie in a given 3-flat and cut four given 
planes, for the planes cut the 3-flat in lines. The reciprocal 
statement is : there are two planes which pass through a given 
point and cut four given lines ; i.e. 

N(4 : I, 3 : i)(4 : i, 2 : o)^ - N(4 : 2, o : o)(4 : 2, i : o)l 

21 . In two dimensions the only conditions are 

C(2 : 0, 0 : 0) = 2 = C(2 : I, I : l), 

C(2 : O, I : O) = I = C(2 ; I, o : o), 

i.e. a point coincident with a given point, a line coincident with 
a given line ; and a point incident with a given line, a line in- 
cident with a given point. The constant-number K of a point 
or a line is 2, and we have only two enumerative results with 
their duals, viz. : — 

N(2 : o, 0 : o) = I, ie. one point is coincident with a given point, 

N(2 : 0, I : o)^= I, ie, one point is incident with two given lines, 

N(2 : I, 1 : i) = ly z,e. one line is coincident with a given line, 
N(2 : I, 0 : o)^ == I, I.e. one line is incident withitwo given points. 

The results may be exhibited more compactly in tabular 
form. For a specified linear space let q^ denote that it cuts a 
given ^-flat in an r-flat. Then for Sg all the results are repre- 
sented in the following table. Point and plane, being recipro- 
cals, are grouped together. 
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C is the number of simple conditions, N is the number of 
elements determined. In each row the sum of the numbers, 
each multiplied by the corresponding value of C, is equal to the 
constant-number of the element K. 

22. Incident Spaces in Four Dimensions. In general 
many of the combinations are either trivial, or belong to a space 
of lower dimensions, e.g. in the statement, that one line 
passes through a given point and intersects three given lines, is 
the reciprocal of the statement that one plane lies in a given 
3 -flat and cuts three given lines (the plane is in fact determined 
by the three points in which the given lines cut the 3 -flat). 

The following is the complete table of results for S^, most 
of which the reader will have no difficulty in verifying. Results 
marked “trivial” are the fundamental determinations of an 
element or its reciprocal, e.g. a plane determined by three 
points. “ S 3 ” indicates that the result belongs to space of three 
dimensions. 
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The most important of these conditions which determine a 
line are ; i^, 1^2% 1 q 2 q, and 2 ^, These may be investigated 
as follows. 

Iq. Let the three given lines be <2, c. A line which cuts 
both a and b lies in the 3-flat {ab). The three 3-flats (be), 
(ca), (ab) have a unique line in common. Hence NIq = i. 

Iq2q. The two given lines determine a 3-flat which cuts 
the two given planes in two lines. These four lines have two 
common transversals. Hence Nio2o = 2. 

Iq2q. Denote the given line by a and the given planes by 
a, jS, y, 8. Using the principle of specialisation, let two of 
the given planes a, jS intersect in a line /. A line which cuts 
both a and either cuts I or lies in the 3-flat (ajS). In the 
first case the condition becomes Iq2o and two lines are deter- 
mined ; in the second case it reduces to o^Iq in S3, and one 
line is determined. Hence NI320 = 3. 

2q. Let the six given planes intersect in pairs in straight 
lines : a, a in ; j8, j 3 ' m b \ y, y in c, A line which 
meets both a and a must either cut a or lie in the 3-flat 
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(aa). Hence the required line either (i) cuts three given 
lines, (2) cuts two given lines and lies in a given 3-flat (three 
different ways), (3) cuts a given line and lies in two given 3-flats 
(also three different ways), or (4) lies in three given 3-flats. 
Under the first category one line is determined ; under the 
second, three ; no line exists under the third category, since 
the given line does not in general cut the plane common to 
the two 3-flats, and if it did, an infinity of lines would be 
possible ; lastly, under the fourth category one line is deter- 
mined. Hence N20 = 5. 

23. Incident Spaces in Five Dimensions. In five 
dimensions we have the reciprocal pairs : point and 4-flat, 
line and 3-flat, plane (self-reciprocal). Omitting the cases 
of point and 4-flat, which are trivial, the following are the 
complete results (see p. 16). 

With the exception of Nos. 16, 20, 21, 23, 27 and 34 
these can all be proved directly or deduced from previous 
results in S4 or S3. 20 and 23 can be solved by letting two of 

the planes intersect in a point; 16, 21, 27 and 34 by letting 
two of the 3 -flats intersect in a plane. 
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This table includes 72 cases, 8 of which are self-reciprocal. 
Thus No. I is Oq and No. i', its reciprocal, is 4I. Nos. i to 
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22, 33, 35, 38 and 40, can be proved directly or deduced 
from results in S^ or S^. For the others we may use the 
principle of conservation of number. If the condition involves 
the factor 2o, let the two planes ac, jS cut in a line L Then 
the required plane either cuts /, or cuts the 3-flat (aj8) in a 
line. Hence 

3 o = lo + 3 r 

This leads to a number of equations, such as 

N(I*2S) = N(lj2„) + N(i®2„3i), 

N(i.2 S) = + N(l„ 2 g 3 ,) 

= N(i» 2*) + 2N(lg2»3j) + N(l,2g3?) 

= N(iS2„) + 3N(iE 2,3,) + 3N(ig2„3D + N(i„2„3?), 

and so on. Next, if the condition involves the factor 2 q3j, 
let the two planes b meet the 3-flat a in lines /, m. Then 
(<a:a) and (^a) are 4-flats. The required plane then either 
lies in (a<£) and cuts or lies in (< 5 a) and cuts a, or cuts both 
I and m. Hence 

2o3i = 2(2 o4,) + I§. 

The equations derived from this, together with the previous 
ones, will be found to determine all but Nos. 28, 32 and 37, 
which involve the factor 2^. If we assume the relation 

W = ^(Oo) + X2o) + ^(2o3i) + ^(4^), 

where x, jy, .s', zv are certain unknown numbers, we have, by 
applying this to 0^1^203^ and 1^2^, the relations 

i ^ X + y, I = 2^/ 4- 2', and ^ ^ x + 6y + w, giving 

y i - Xy z 2x - ly w ^ - X. Then applying it to 

I^j2^2j we find N(2 o2j,) = 2N(i^202j) ; and applying it to 

il 2 ^ 2 ^ and i^ 2 ^ 2 ^\ we find N(lg 2 , 2 j) = I and N(i„ 2 g 2 j) = 3. 
The ;r here plays the part of a catalytic agent. 

24, We shall conclude this section with a few general 
results. 

In Sn the constant-number of a line is 2{n - i), and one 
condition is required in order that a line should cut a given 
{n - 2)-flat, hence a finite number of lines in Sn cut 2(n - l) linear 
spaces of « - 2 dimensions. It was proved by W. F. Meyer that 
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the number of lines is — ~ 2^ _ ^Cn = A more 

n - I n \ (n- 1)1 

general result, which includes this as a particular case, was 
proved by Schubert, viz. tAe number of p-flats in which cut 
n - p given {n - 2 p - if flats is 

I ! 2 ! 3 !..../!{(/ + i){n -- p)] \^ 
n\(n - i)\(n - 2) \ . . . . (n - p)( 

To find the number of lines in _ 1 which cut 4 linear 
spaces of {k- i) dimensions. The constant-number of a line in 
S^A; - 1 is 6 fk - I ), and the number of conditions that it should 
cut a - i)-flat is - i. Hence there is a finite number. 
Let the (^ - 1 )-flats intersect in pairs in points : a, jS in P, and 
y, S in Q. A line which cuts a and ^ either passes through P 
or lies in the (2k ~ 2)-flat (a^). We have then (i) one line 
through P and Q, (2) lines through P and lying in the 
{2k - 2)-flat [none], (3) lines in the {2k - 3)-flat common to 
(aj8) and (yS), and cutting the four (h - 2)-flats in which a, j8 
are cut by (yS), and y, 8 by (aj 3 ). Hence if f{k) is the number 
of lines which cut four (k - i)-flats in S^^ _ 1, 

m ^f{k ~ I) + I. 

But, for ^ = 2, we have 2 lines in S3 cutting 4 lines, i.e. f{ 2 ) = 2. 
Hence f{k) = k. 

Ex. (i) Prove that there is one 3-flat in S^q cutting three 
^-flats in lines. 

(2) One plane in Sgg cutting three ^-flats in lines. 

(3) One plane in S4^ 4. 2 cutting four ^-flats in points. 

(4) One plane in S^^ 4.2 cutting four (5^ + i)-flats in lines. 

25. Motion and Congruence. Strictly speaking the idea 

of motion is foreign to geometry. When we speak of a point 
moving along a line we really mean that we are focussing our 
attention successively on a series of points in the line. When 
we speak of a figure being displaced in space we are really 
transferring our attention from one figure to another (congruent) 
figure ; or we are considering a transformation in which certain 
relations, distances and angles, are invariant. The idea of 
motion thus involves sequence or order, and congruence. For 
these there are two corresponding groups of axioms. As these 
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axioms deal almost exclusively with plane geometry, and the 
new ideas involving congruence in higher space can be dealt 
with' by definitions, we may simply refer for a discussion of the 
axioms to Hilbert’s “Foundations of Geometr}/” or to the 
more recent ‘‘ Foundations of Euclidean Geometry,” by Forder. 

26. Order. As regards order in euclidean geometry, a 
point divides a line into two parts, but does not of course divide 
a plane ; a line divides a plane, but does not divide space ; 
a plane divides space, but does not divide a 4-flat, for in S4 the 
line joining two points does not in general intersect a given 
plane: and so on. 

If Ai and A2 are given points on a line they determine 
a segment which consists of all points P such that A1PA2 are in 
this order. A^ and Ag divide the line into three parts, for which 
we have respectively the orders PA1A2, AjPAg, A^AgP. 

If Ap A2, A3 are three non-collinear points in a plane, they 
determine three lines which form a triangle. The segments 
A2A3, etc., are the sides or edges, and if A23 denotes any point 
on the segment A2A3 the interior of the triangle consists of all 
points P such that A1PA23 are in this order. The three lines 
divide the plane into seven regions, consisting of points char- 
acterised by the following orders; 

(l) the interior of the triangle : A1PA23 or A2PA31 or A3PA12, 
(2, 3, 4) three regions on the faces : A1A23P, A2A31P, 
A3A12P, 

( 5 » 7) three regions on the vertices: PA^Ags, PA2A31, 

PAgAi2. 

Similarly four non-coplanar points Ap Ag, A3, A4 determine 
four planes and six lines forming a tetrahedron. Its faces are 
the interiors of the triangles A2A3A4, etc. The four planes 
divide space into 1 5 regions which consist of points P 
characterised by the following orders, where A234 denotes any 
point on the face A2A3A4, and A^g ^^7 point on the edge A^Ag : 

the interior of the tetrahedron : A^PAas^, etc., 
four regions on the faces : AJA234P, etc., 
four regions on the vertices: A234A1P, etc., 
six regions on the edges : A12A34P, etc. 
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(In explanation of the last statement we note that the plane 
PA12 cuts the line A8A4 in a point, and if P is in the region 
specified this point lies in the segment A3A4.) 

In space of four dimensions we have similarly five points 
determining 5 hyperplanes, 10 planes, and 10 edges, forming 
a four-dimensional simplex^ and dividing S4 into 31 regions: 

the interior of the simplex : A1PA2345, etc., 

5 regions on the 3 -dimensional boundaries : A1A2345P, etc., 
10 regions on the 2-dimensional boundaries: A42A34gP, etc., 
10 regions on the edges: A123A45P, etc., 

5 regions on the vertices : Ai234A5P, etc. 

The extension to n dimensions is now obvious. The figure 
formed hy n + i independent points and the lines, planes, etc., 
directly determined by them is called a simplex oi n dimensions 
and will be denoted by S(;^ + i)* The lines, planes, etc., are 
called its boundaries of one, two, etc., dimensions ; the points 
are its vertices. An S(^ + I ) has ^ + j boundaries of 

r dimensions. ‘ 
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I. Parallel Lines. In projective geometry two straight lines 
in a plane always intersect. This is not true in euclidean or 
hyperbolic geometry. 

Let / be a given line (F'ig. 4) and O a given point not on I ; 
A any fixed point on /, and P a variable point on L Let P move 
always in one direction along /, i.e. we consider a series of points 
Pi, Pa, . . . in the order APjPy ... As P moves along / it 
may return to its initial position. This occurs in projective 
geometry, and also in elliptic geometry, in which two lines in a 

plane always intersect. Other- 
^ wise as the segment AP in- 

creases without limit, the line 
OP will tend to a definite 
limiting position OL. The 
line OL, which separates the 
rays through O which inter- 
sect AP from those which do 
not, is said to be parallel to AP. If P moves in the opposite 
sense we get another limiting position OL', and OL' is parallel 
to AP'. 

In euclidean geometry the two rays OL, OL' form one and 
the same line, but in hyperbolic geometry they belong to dis- 
tinct lines, and we have to distinguish the two directions of 
parallelism to a given straight line. In projective geometry the 
foregoing considerations are irrelevant, since projective geometry 
does not involve the idea of distance. 

2. A fundamental theorem is the following : 


P' 


A 

Fig. 4. 


If A A II CC\ and BB' 11 CC\ then AA 11 BF. 

(i) Let the three lines be coplanar, and (i) let CC' lie 
between AA' and BB' (Fig. 5). We may assume that A, C, B 
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are collinear. Within the angle BAA' draw any line AP. 
Since AA' || CC', AP cuts CC in a point R. Then since 
RC' li BB', PR produced must cut BB'. Also AA' does not 
cut BB', therefore AA' || BB'. 

(ii) In the same figure let AA' || BB', and CC || BB'. AA' 
cannot cut CC', for it would then cut BB', but any other line 
within the angle BAA' cuts CC', therefore AA' || CC'. 

( 2 ) Let the three lines be not all in the same plane, and let 
AA' II BB' and CC' II BB' (Fig. 6). Take any point P on BB'. 
Then as P moves along BB', AP AA', and CP CC', while 
P, A, C are always coplanar, therefore AA' and CC' are 
coplanar. Again, if CP is fixed while the plane PAC moves, 
PA PB', and the plane CPA CPB'. CA, the line of inter- 
section of CPA and C'CAA', therefore CC', and CC' il AA'. 




3. Parallel Lines and Planes. We shall confine our 
attention now for the present to euclidean geometry. In a plane 
two straight lines either intersect in one point or are parallel. 
In three dimensions two planes which have a point in common 
intersect in a straight line. If they have no point in common 
they are said to be parallel. Two parallel planes are cut by a 
third plane in two straight lines which have no point in common 
and are therefore parallel. A straight line either cuts a given 
plane in one point or has no point in common with the plane ; 
in the latter case the straight line is said to be parallel to the 
plane. 

Consider a plane a and a point O not in a. Let jS be any 
plane through O cutting a in a line b. Then through O and 
in j8 there is one line parallel to b and therefore parallel to a. 
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By taking different planes j8 we get a system of lines through O 
all parallel to a. Let /, m, n be three such lines. The planes 
{Im) and {Iti) are both parallel to a, and must coincide, for let 
y be a plane through O cutting a in (/w) in g, and {In) in h. 
Then g and h are both parallel to c and therefore (in euclidean 
geometry) coincide. Hence all the lines through O parallel to 
a lie in one plane which is parallel to a. 

4, Direction and Orientation. By an extension of the 
meanings of the words point and line we can greatly simplify 
the statements of the relations between parallel lines and planes. 
A system of concurrent lines in a plane, called a pencil of lines, 
determine a unique element, their common point, and this is 
determined by any two lines of the system ; just as a system 
or range of collinear points determine a unique element, their 
common line, which is determined by any two points of the 
system. Pencil of lines is said to be reciprocal or dual to range 
of points. In three dimensions a system of concurrent lines, or 
bundle of lines, is of two dimensions, and is reciprocal to the 
plane field of points. A system of straight lines all parallel to 
the same straight line also determine a unique element, a 
direction^ which is uniquely determined by any two of the lines. 
A direction together with a point uniquely determine a straight 
line. A direction together with two points uniquely determine 
a plane, for one of the points together with the given direction 
determine a line, and this with the other point determine a 
plane. Similarly two directions together with a point uniquely 
determine a plane. Thus a direction may take the place of a 
point in determining lines or planes. 

Two directions by themselves do not determine a plane, 
but only the orientation of a plane ; and we may then say an 
orientation together with a point uniquely determine a plane. 
Also if two planes have their orientations given, their line of 
intersection has a fixed direction, thus two orientations uniquely 
determine a direction. An orientation may thus take the place 
of a line in determining planes and points. As, however, two 
lines only determine a point when they are coplanar, while two 
orientations (in space of three dimensions) always determine a 
direction, orientations appear to correspond to coplanar lines. 

5. Points at Infinity. To bring out more explicitly the 
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connection between direction and point, orientation and line, 
we give them the names “point at infinity’’ and ‘‘line at 
infinity ” respectively, and we shall be justified in extending to 
them the language used for points and lines. We speak of the 
“ point at infinity on a line** for the direction of a line, the “ line 
at infinity on a plane ” for the orientation of a plane. A “ point 
at infinity on a plane** is the direction of some line in that 
plane. The orientation determined by two directions is said 
to contain the two directions ; thus a line at infinity is deter- 
mined by two points at infinity ; and, since the directions of any 
two lines of a given plane determine the orientation of the plane, 
it follows that any two points at infinity on a plane determine 
or lie on the same line at infinity. 

We may now draw correct logical conclusions by picturing 
a line at infinity as a line whose elements are points at infinity. 
Parallel lines can then be pictured as lines which meet in a point 
at infinity. In a given plane we picture the line at infinity as 
a special line in the plane, and the condition for parallelism 
of two lines b in the plane is expressed b}^ the concurrency 
of b and l^. Since (in three dimensions) two lines at 
infinity always determine a point at infinity, we have to 
picture the assemblage of all lines at infinity as lines in one 
common plane. The assemblage of all orientations in space of 
three dimensions is called the plane at inji7iity in this space. 
We may denote this by The point at infinity on any line, 
and the line at infinity on any plane, is its intersection with the 
plane at infinity. Two lines are parallel when they intersect 
on the plane at infinity ; a line is parallel to a plane when the 
point at infinity on the line lies on the line at infinity in the 
plane ; two planes are parallel when their lines at infinity 
coincide. Two arbitrary planes, a, j8 have in common one point 
at infinity, the common point of the three planes a, /3, tt^q, or the 
common point of their lines at infinity. In ordinary language, 
if a is not parallel to j3, it is always possible to get two series of 
parallel lines, one in a and one in j8, viz., the lines which are 
parallel to the line of intersection of a and j3. 

6, Parallel and Half-parallel Planes. We shall consider 
now parallelism in euclidean space of four dimensions. Two 
hyperplanes which have a point in common intersect^in a plane. 
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If they have no point in common they are said to be parallel. 
Two parallel hyperplanes are cut by a third hyperplane in two 
planes which have no point in common and are therefore parallel 
in the ordinary sense. Two planes in general intersect in just 
one point. We have defined parallel planes when they lie in 
space of three dimensions and meet in a line at infinity. But 
in space of four dimensions two planes may have another sort of 
parallelism when they do not lie in the same hyperplane and 
have no point in common. The term “ half-parallel or “ semi- 
parallel ” has been used to describe this. 

7. The Hyperplane at Infinity. Two hyperplanes each 
parallel to a third are parallel to one another. We shall say 
that two parallel hyperplanes determine a stratification, just as 
two planes in three dimensions determine an orientation. Two 
stratifications determine an orientation ; three stratifications 
determine a direction. All the orientations in a given hyper- 
plane belong to the stratification of that hyperplane, so that the 
stratification of a hyperplane is identified with the plane at 
infinity in that hyperplane. Since two planes at infinity always 
determine a line at infinity we have to picture the assemblage 
of all planes at infinity as planes in one common hyperplane, so 
we call the assemblage of all planes at infinity the hyperplane at 
infinity in space of four dimensions. 

We can now perceive the distinction between parallel and 
semi-parallel planes. Parallel planes have in common a straight 
line at infinity, semi-parallel planes have in common only a point 
at infinity. In ordinary language, parallel planes have the 
same orientation and an infinity of common directions ; to every 
line in the one plane there is a system of lines parallel to it in 
the other. Semi-parallel planes have only one common 
direction ; there is only one system of parallel lines in the one 
plane which are parallel to lines in the other. 

8. Degrees of Parallelism. We can now extend the idea 
of parallelism to space of n dimensions. In euclidean space of 
n dimensions there is a unique {n - i)-flat at infinity. Two 
{n - i)-flats are parallel when their common {n - 2)-flat is an 
{n - 2)-flat at infinity, i.e. an element of the {n - i)-flat at 
infinity. Two planes, in addition to the possibility of being 
parallel or semi-oarallel. mav have no ooint at all in common 
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and have no common containing hyperplane; they are then 
skew. Two 3-flats which have no point in common (i), if they 
lie in the same 4-flat, have a plane at infinity in common ; (ii), 
if they lie only in the same S-flat, they have a line at infinity in 
common ; (iii), if they lie only in the same 6-flat, they have a 
point at infinity in common ; and (iv), if they do not lie in the 
same 6-flat, they are skew. In the three cases (i), (ii), (iii) the 
two 3-flats are said to be (i) completely parallel, (ii) two-thirds 
parallel, (iii) one-third parallel 

In general, a /-flat and a ^-flat (/ ^ q), which are both con- 
tained in the same {p q - r)-flat, and would therefore in 
general intersect in an r-flat, but have no point in common, are 
said to be (r + i)jq parallel, and have in common an r-flat at 
infinity. It is to be noted that if a /-flat and a ^-flat are con- 
tained in the same (/ + ^ - r)-flat, they have at least a common 
(r - i)-flat at infinity, for, if they intersect, their common 
r ~ flat contains a unique (r ~ i)-flat at infinity. Thus, in 
order that two flats should be parallel it is not sufficient that 
they should have a certain dimensionality of common points at 
infinity ; they must also have no finite point in common.* 

9. Complete parallelism may occur in space of any number 
of dimensions. Partial parallelism requires a certain minimum 
dimension. Thus half-parallelism only appears for the first 
time in S4 when two planes are half-parallel. One-third 
parallelism does not appear in space of lower dimensions than 
six. In general parallelism of order {r + i)/^, where r + i is 
prime to q^ requires space of at least 2 q - r dimensions, as it 
implies the existence of a /-flat and a ^-flat contained in the 
same {p + q - r)-flat, and p ^ q- 

10. Sections of two Parallel or Intersecting Spaces by 
a Third Space. If and (/ ^ q) are completely parallel, 
so that the region at infinity S(^ _ 1)00 on S_p contains _ 1)00, 
Sp and lie in the same (/ + i)-flat S^ + i, which is deter- 
mined by _ 1)00 and two finite points, one on and one on 

* Schoute leaves out the condition of having no finite point in common, 
and defines a /-flat and a ^-flat ^ g) as (r + i)/q parallel when they 
have in common an r-flat at infinity. According to this, two intersecting 
planes in three dimensions would be half-parallel since they have in common 
a point at infinity, viz. the point at infinity on their line of intersection. 
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Sg. An r-flat {r>p - q i) in S^ + , cuts Sp in an {r - i). 

flat S^ ^ 1 and S^ in a (^ + r - i)-flat S^ + ^ ~ jp ~ i, and 

it cuts their common region at infinity in a 4 - r - p - 2 )-flat 
which is the whole of the region at infinity on ^ ^ _ j. 

Hence the two sections are completely parallel. 

If and are parallel of degree {r + i)lq so that they 
have in common an r-flat at infinity, they lie in the same 
(p + q - r)-flat, which is determined by r + i common points 
at infinity, p ~ r finite points on S^, and q - r finite points on 

S^. An i*-flat in this ^ _ r cuts S^ in an (j:+ r- ^/)-flat 

and in an (s + r - /)-flat, and their common region at 
infinity in an (s + 2 r - p - ^)-flat. The sections are therefore 
in general parallel of degree (i* + 2 r - p - q + -f ^ - /). 

This fraction = i if r = ^ i. 

If and intersect in an and therefore lie in the same 
S^ 4. ^ y they have in common an S(r _ i)qo* Let an j--flat S„ 
parallel to of degree (;« + (s ^ r - i ) cut S^ and S^ 
in S5 r _ g and Sg ^ r - p- These two sections have then an 
S,^oo in common and are parallel of degree i)j(s + r - p). 

II. The Parallelotope. In n dimensions the analogue of 
the parallelogram and the parallelepiped is a figure bounded by 
pairs of parallel (n - i)-flats. Consider a simplex with a 
vertex O and n edges through O : OA^, OA.2, . . . , OA„, no 
r of which lie in the same (r - i)-flat The n - i edges 
OA2, . . OA„ determine an (n - i)-flat, and through A^ 
there is just one (n - i)-flat parallel to this. Constructing the 
(n - i)-flats, one through each of the n vertices Ap . . A,^ 

parallel to the opposite face of the simplex, we form a figure 
bounded by 2 n (n ~ i)-flats, which is called a parallelotope P 
Each^(« - i)-flat is cut by each of the {n ~ i)-flats except the 
one which is parallel to it in an (n - 2)-flat, and these 
2 n - 2 in - 2)-flats are parallel in pairs and form a parallelotope 
of - I dimensions. Each of these again is bounded by 
parallelotopes of « ~ 2 dimensions, and so on. 

The parallelotope may be generated also by successive 
motions in one, two, three, . . . dimensions. Thus a point 

* The suffix tope which occurs in several of the terms used in «-dimen- 
sional geometry— polytope, simplotope, orthotope, etc.— is from the Greek 
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moving in a straight line through a distance generates a line- 
segment. This segment moving parallel to itself, so that all its 
points generate parallel line-segments of length a2, generates 
a parallelogram with two edges of length and two edges of 
length a.j. The parallelogram by parallel motion similarly 
generates a parallelepiped, and so on. 

Let denote the number of r-dimensional boundaries of 
a parallelotope of n dimensions, N' the corresponding number 
for a parallelotope of - i dimensions ; and consider the ex- 
pression 

Nq + + . . . + N„ _ ^ 

N„ being equal to i since the parallelotope itself is the only 
^-dimensional boundary. The boundaries of r dimensions 
of the ^-dimensional parallelotope are produced by the 
boundaries of r - i dimensions of - i)-dimensional parallel- 
otope together with its N' boundaries of r dimensions in their 
initial and final positions. Hence -f 2N'. We 

have therefore 

N„ + N,;r + . . . + N„^” = (N;, + N[x + . . . + N>”)(2+;ir), 
and hence by induction 

No + Ni;r + . . . + = (2 + ^)^ 

i.e. N, = ^ 

The number of r-dimensional boundaries which pass 
through one vertex is and all the r-dimensional 

boundaries fall into „Cy groups, each containing 2^ ’’ com- 

pletely parallel r-flats. 
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PERPENDICULARITY 

I. Line Normal to an (n - l)-flat. In three dimensions if 
a line PN is perpendicular to two intersecting lines NA, NB at 
their point of intersection N, it is perpendicular to every line 
through N in the plane determined by NA and NB, and is said 
to be perpendicular to the plane ANB ; and conversely, all lines 
through N perpendicular to NP lie in one plane which is per- 
pendicular to NP. 

We shall consider first all lines, planes, etc, passing through 
a fixed point O. The number of degrees of freedom of a /-flat 
which has to pass through O is /(?/ - /). One condition is re- 
quired in order that two given lines through O should be per- 
pendicular. Let one line a be fixed, then a line I through O 
perpendicular to a has n - 2 degrees of freedom and may there- 
fore move in a region of « - i dimensions. Let and 4 be 
any two lines through O perpendicular to a, then all lines of the 
plane which pass through O are perpendicular to a. In 
this plane we have then just a single infinity of lines through O 
perpendicular to a. Let 4 be a third line through O perpen- 
dicular to a and not lying in the plane (//2)- 4) h determine 

a three-flat ; let b be any other line of this three-flat passing 
through O. The planes and {Ijb) intersect in a line c which 
lies in and is therefore ± a. Then since ^ and Zg are both 
i. a, and b lies in the plane (rZg), b ± a. Hence a is perpendic- 
ular to every line through O in the three-flat (Z1Z/3). 

Proceeding in this way we obtain u - i independent lines 
• • •> 4~i> no three lying in one plane, and all ± a; and 
every line through O in the - i)-flat determined by these 
lines is j. a. Hence through any point O of a straight line a 
there is a unique - i )-flat which is normal to a ; and at any 
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point O in a given (n - i)-flat there is a unique line a which is 
± every line of the (n - i)-flat which passes through O. The 
normal (n - i)-flat to the line a at O contains every /-flat which 
is normal to a at O. 

2. System of n Mutually Orthogonal Lines. Complete 
Orthogonality. Through any point O we can find n lines all 
mutually perpendicular. Starting with a line 4, all lines through 
O ± li lie in the normal (n - i)-flat to at O. Let 4 be one 
of these lines. Then all lines ± both 4 and 4 at O lie in the 
(n - 2)- flat which is the intersection of the normal (« - i)- 
flats to 4 Sind 4 - Let 4 be one of these lines. Proceeding in 
this way we shall arrive at a system of n lines 4 , 4 ) • • > 
mutually perpendicular, p of the lines 4 > 4 » • • • determine 
a /-flat Sp, and the remaining n - p lines determine an [n - /)- 
flat Sn _ p. These two flats, which intersect only at O, have the 
property that every line of through O is perpendicular to 
every line of ~ j, through O. The two flats are said to be 
completely orthogonaL 

In two dimensions two lines at right angles, and in three 
dimensions a plane and a normal line, are completely orthogonal, 
but two planes cannot be completely orthogonal. In the case of 
two orthogonal planes in three dimensions only one line in each 
plane is orthogonal to every line in the other. 

In four dimensions the assemblage of all lines through a 
point O of a plane a perpendicular to a is another plane a which 
is completely orthogonal to a. If a is any line of a, and d any 
line of a', through O, the plane {ad') is perpendicular to both a 
and a in the ordinary three-dimensional sense. 

When two lines in space do not intersect we can still say 
that they are orthogonal when two lines, parallel to them, inter- 
sect at right angles. Similarly two planes in {n > 4), which 
have no point in common, may still be said to be completely 
orthogonal when two planes, completely parallel to them respec- 
tively, and having a common point, are completely orthogonal. 

3. Orthogonality in Three Dimensions in Relation to 
the Absolute ; Absolute Poles and Polars. The orthogon- 
ality of lines and planes in three dimensions may be explained 
with reference to their points and lines at infinity. Consider 
first two lines d and use ordinary rectangular co-ordinates. 
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Let the two lines pass through the origin and have direction- 
cosines (/, w, n) and (l\ n). Writing and zjt instead 

of jr, and so that x, y, Zy t are now the homogeneous car- 
tesian co-ordinates, the equation of the plane at infinity is ~ 0. 
The co-ordinates of the points at infinity on the two lines are 
(/, niy fly 0) and (/', rn y fiy 0). The condition that the two lines 
should be orthogonal is //' + mm! + nn = 0. But this is the 
condition that the two points (/, m^ tiy 0) and (/', nty tiy 0) 
should be conjugate with regard to the virtual conic or circle 
^ y'^ Jr z^ 0, / = 0. Similarly two planes in S3 are ortho- 
gonal when their lines at infinity are conjugate with regard to 
the virtual circle at infinity ; and a line and a plane are ortho- 
gonal when the point at infinity on the line is the pole of the 
line at infinity on the plane. This conic, or rather the degener- 
ate quadric surface of which this conic forms the envelope and 
the plane at infinity taken double forms the locus, is called the 
absolute. In two dimensions it reduces to just two imaginary 
points called the circular points at infinity,” together with the 
line at infinity taken twice. In non-euclidean geometry the ab- 
solute is a non-degenerate conic, real for hyperbolic geometry 
and virtual for elliptic geometry. 

By viewing the absolute as a degenerate quadric surface, and 
not simply as a conic in the plane at infinity, we may obtain the 
absolute polars of finite elements. The polar of any finite point 
with regard to the absolute, which as a locus consists of just the 
plane at infinity taken double, is the plane at infinity itself ; the 
polar of a point at infinity Y ^ is any plane passing through the 
polar line (at infinity) of with regard to the circle at infinity. 
Hence the absolute pole of an ordinary plane a is the point at 
infinity which is the pole of the line at infinity in a with regard 
to the circle at infinity. The absolute polar of a line is the line 
at infinity polar with regard to the circle at infinity of the point 
at infinity on the line. The absolute pole of an ordinary plane 
is the point at infinity on any of its normals, and the absolute 
polar of an ordinary line is the line at infinity on any of its nor- 
mal planes. When we speak of the absolute polar of a finite 
element we shall mean the polar with regard to the degenerate 
quadric, but when we speak of the polar of an element at infinity 
we shall mean the polar with regard to the virtual quadric at 
infinity. 
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We may then state the relations as follows. A line is per- 
pendicular to a plane when it passes through the absolute polar 
of the plane, and reciprocally the plane contains the absolute 
polar of the line. Two lines are orthogonal when each cuts the 
absolute polar of the other. Two planes in S3 are orthogonal 
when each contains the absolute pole of the other. 

4. The Absolute in Four Dimensions. In euclidean space 
of four dimensions the absolute is a degenerate quadric consisting 
as a locus of the hyperplane at infinity taken twice and as an 
envelope of a virtual quadric in the hyperplane at infinity. In 
S4 two lines are orthogonal when their points at infinity are con- 
jugate with regard to the absolute ; a line and a hyperplane, 
when the point at infinity on the line is the pole of the plane at 
infinity on the hyperplane ; two hyperplanes when their planes 
at infinity are conjugate, i.e. when the normal to one hyperplane 
lies in the other. 

Two arbitrary planes a, ^ in S4 cut the hyperplane at infinity 
in two arbitrary lines In general these lines do not in- 

tersect, and the two planes have one finite point in common and 
no common points at infinity. If the two lines at infinity inter- 
sect, either this common point at infinity is the only common 
point of the two planes, and they are half-parallel ; or they have 
also a finite common point and therefore a line in common and 
are then situated in the same three-flat. If the two lines at in- 
finity coincide the two planes are completely parallel. 

5. If the two lines at infinity are mutual polars, the polar 
planes of all points on one line pass through the other, and 
every point on the one line is conjugate to every point on the 
other. In this case the two planes are completely orthogonal ; 
all the normals to the one plane at their common point lie in the 
other plane, and every line in the one plane is orthogonal to 
every line in the other plane. 

In general the polar plane of a point on the one line cuts the 
other line, so that to every point on the one line there corre- 
ponds just one point on the other which is conjugate to it. 
Thus in the case of two arbitrary planes through O, to every 
line through O in the one plane there corresponds just one line 
through O in the other plane such that the two lines are 
orthogonal. 

3 
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If, however, there should happen to exist a point in 

such that its polar plane passes through then every 
point in is conjugate to and there corresponds in a a 
line a which is orthogonal to every line in jS. Let and 

be the polars of and Then since lies in the 

polar plane of every point of and therefore in the polar 
plane of which contains the lines and lie in 
the same plane and intersect in a point ; then the polar 
plane of passes through a^, and cuts in 
Hence the two planes a, /3 are reciprocally related : in a 
there is a line a which is orthogonal to every line in /3, and 
in j8 there is a line b which is orthogonal to every line in a. 
The two planes are then said to be half-orthogonaL The 
condition for this therefore is that the line at infinity on each 
should intersect the polar of the line at infinity on the other, 
or that each plane should be half-parallel to the plane which 
is completely orthogonal to the other. Two planes which 
are orthogonal in the ordinary sense in space of three dimen- 
.sions evidently satisfy this condition and are half-orthogonal, 
but we may have half-orthogonal planes in space of higher 
dimensions which meet in just one point, or which have no 
point in common. 

The lines at infinity and are the absolute polars of 
a and jS. We may then state the conditions for orthogonality 
of two planes in the form : two planes in are completely 
orthogonal when each contains the absolute polar of the other ; 
they are half-orthogonal when each cuts the absolute polar of 
the other. 

Every plane through a normal line to a given plane is 
half-orthogonal to the given plane ; hence if a and ^ are 
completely orthogonal at O, so that coincides with 
and with every plane through O which cuts a in a 
straight line is half-orthogonal to jS, and every plane which 
cuts both a and jS in straight lines is orthogonal to both a 
and jS in the ordinary three-dimensional sense. If a and 
are half-parallel, so that cuts in a point the polar 
plane of passes through both and and therefore 
these two lines also intersect, in a point C^, say ; hence if a 
and jS' are the planes through O which are completely ortho- 
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gonal to a and jS, a and jS' are also half-parallel. If the four 
lines a^, a^, intersect in this order, forming a skew 

quadrilateral (Fig. 7 ), the two planes a and jS are both half- 
parallel and half-orthogonal provided they have no finite point 
in common ; if they have a finite point in common they inter- 
sect in a line and are orthogonal in the ordinary sense in 
three dimensions. (If a is a real plane it is not possible for 

to intersect for then we should have a line in a ortho- 
gonal to itself.) 

6. Orthogonality in S^. We can now extend these 
ideas to space of n dimensions. Consider a /-flat a and a 
^-flat P (^^ ^/) having not more than a point in common, so 
that ‘n ^ p q. Their regions at infinity are a (/ ~ i)-flat 
and 3. (q - i)-flat while the absolute is a virtual hyperquadric 
in the (/?-i)-flat at infinity. The 
absolute polar of any point P^^ in 
is an {n - 2 )-flat, and if p inde- 
pendent points are chosen on 
their absolute polars intersect in an 
(;^ -/ - i)-flat a^, the absolute polar 
of Similarly the absolute polar 

of P^ is an (;^-^-i)-flat jS^. If a 
is real, and can have no 
common point. Also has in 
general no region in common with P^ (since « - / - \ ^ q- 
i <^n - i), but P'^ has in common with a (/ ~ ^ - i)- 
flat at least. 

If p*^ contains a^, then contains p^ ; a and p are 

then completely orthogonal, and every flat in a is completely 
orthogonal to every flat in p. 

In the general case there is in a at least a (/"-^)-flat which 
is completely orthogonal to p, and every flat which lies in this 
(/ - ^)-flat or is completely parallel to it is completely ortho- 
gonal to p. The absolute polar (n - 2 )-flat of any point P^^ in 

cuts p^ in a (^ - 2 )-flat. Hence to every line in a there 
corresponds a series of parallel {q- i)-flats in j3 normal to it, to 
every r-flat in ol (r <C, q) there corresponds a series of parallel 
{q - r)-flats in p completely orthogonal to it. Similarly to 
every r-flat in p there corresponds a series of parallel (/ - r)-^ 
flats in a completely orthogonal to it. 




36 


GEOMETRY OF N DIMENSIONS [in. 7 


7. Degrees of Orthogonality. If and have a 

common r-flat the polar (n - 2)-flat of every point on 
contains the polar {n-q- i)-flat of is determined 

by the intersection of the polar [n - 2)-flats of any q independent 
points on \ r + i of these can be taken in and the 
polar {n - 2)-flats of these all contain ; the polar {n - 2)-flats 
of the remaining q-r-i points intersect in an ^ + r)-flat 
which cuts in a (/ -- ^ + r)-flat i.e. cuts in a 
{p ~ q + r)-flat a^. Every point in is conjugate to every 
point in and every point in b^ is conjugate to every 
point in Hence in this case a contains a series of 

parallel (p - q -h r + i)-flats which are completely orthogonal 
to j3, and contains a series of parallel (r + i)-flats com- 
pletely orthogonal to a. When r + i = a and jS are 
completely orthogonal. When r + i = 0 they are in general 
position ; there is then no line in orthogonal to every line 
of a, although there is always a (/ - ^)-flat in oc which is 
completely orthogonal to jS if / > Thus in three dimen- 
sions, with a line and a plane in general position, there is 
just one direction in the plane which is orthogonal to the 
given line. The degree of orthogonality of a /-flat a and a 
^-flat j8 ip ^q) may be represented by the fraction (r + i)/^, 
where r is the dimension of the region common to and j3^, 
i.e. the denominator represents the dimensions of the lower- 
dimensioned space /S, and the numerator is the highest di- 
mension of a flat lying in jS and completely orthogonal to a. 

8. Consider now the case in which a and j8 have an 

m-fidit [jL in common. Their regions at infinity and 
then intersect in an (m - i)-flat The absolute polars 

and have in common the absolute polar (n - w)-flat 
of IX If cuts in an r-flat, this r-flat cuts fx^ in an 
(jn + r - ^)-flat, but since and can have no common 
point, cannot cut hence r<C^q - m. The highest 
degree of orthogonality is therefore {q - fn)lqj which occurs 
when r q - m - i. Then and have a common 
{q - m - i)-flat, and and have a common {p-m - i)- 
flat. In this case a contains a series of parallel (/ - ;;^)-flats 
completely orthogonal to and jS contains a series of parallel 
{q - w) -flats completely orthogonal to a. 
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Conversely, in order that a /-flat and a ^-flat ^ /) 
should have orthogonality of degree rjq they must not have 
in common a space of higher dimensions than q - r \ the 
space which contains them both must be of dimensions not 
lower than p + r. For complete orthogonality they must not 
have more than a point in common, and must not be con- 
tained in a space of dimensions lower than p + q^ 

In three dimensions a line and a plane may be completely 
orthogonal, but two planes can only be half-orthogonal. 

9. A line perpendicular to an ^ in passes through 

the absolute pole of S^_i. Hence all lines in which are 
orthogonal to the same are parallel. Similarly an 

which is completely orthogonal to an in .j. ^ passes 
through the absolute polar (/ - i)-flat at infinity of S^. 
Hence all p-Jlats which are completely orthogonal to the same 
q^jlat and lie in a given (/ + qpflat are completely parallel. 

10 . If two linear spaces are completely orthogonal, every 
linear space contained in one is completely orthogonal to 
every linear space contained in the other. 

Consider a /-flat a and a ^-flat jS (p ^ q) orthogonal of 
degree (r + i)lq, and having not more than a point in common, 
so that and have a common r-flat h^, and and j8^ 
have a common (p - q + r)-flat a^. 

Let y be any i'-flat lying in jS. Its region at infinity y^ 
lies in and cuts and therefore in a /I’-flat. (i) Let 

s'^ r and also s ^ q - r. Then s + r ~ q ^ k r. Hence 

y is orthogonal to a of degree between {s + r - q + i)js and 
(r + l)ls inclusive, (ii) Let q - r'^ r, so that r <C^\q. 
The lower limit of orthogonality is then zero, (iii) Let 
r s ^ q - r^ so that r ^ \q. Then s-Vr-q-^k-^s, 
and the limits of orthogonality are (i* + r - ^ + i)/s and i. 

(iv) Let j- ^ r and also s <C,q ~~ r. Then all degrees of 

orthogonality are possible. 

Next consider an x-flat y lying in a, and (i) let s ^ q. 
The (n - s - i)-flat y'^ contains and therefore has in 
common with an r-flat at least. Hence y is orthogonal 
to jS of degree (r + i)/q at least, and may be completely 
orthogonal to jS. (ii) Let q - r s <^q and also 

s-i'i>p-q + r. 
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lies in and cuts and therefore in a ^-flat where 
s-^-^r:^k:^p-g + r. Then y is orthogonal to ^ of 
degree between (s - g + r + i)/s and (p - g + r -h i)/s. (iii) 
Ug~r<Cs<ig and - i </ ~ g r, the upper limit of 
orthogonality becomes i. (iv) If ^ ^ - r and i’ - i 'y^p -g-^r 

the lower limit of orthogonality becomes zero, and (v) if j ^ ~ r 
and j* “ I ^ + rail degrees of orthogonality are possible. 

Other cases in which a and ^ intersect can be worked out 
in a similar way. 

As a further example, suppose a and jS are completely 
orthogonal, so that contains and ^8^ contains ; 

and consider an j--fiat y which contains jS. contains 

and therefore cuts in a (^ - i)-flat at least. Hence if 
j y is orthogonal to a of degree at least g\s. It is com- 
pletely orthogonal only if lies in ; this requires that 
i.e. ^ + /, as of course y and a must 

have no more than a point in common. If p, we note 
that y^ lies in and cuts in at least a (/ + ^ - 5“ - l)- 
flat, and the orthogonality is of degree (p + g - s)/p at least. 
Consider now y containing a. y^ contains and therefore 
cuts in a (/ - i)-flat at least. Then y is orthogonal to j8 
of degree pjs at least. 
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CHAPTER IV 


DISTANCES AND ANGLES BETWEEN FLAT SPACES 

I. Two linear spaces which have their highest degree of inter- 
section determine an angle, and this angle determines completely 
the shape of the figure consisting of the two spaces. For 
example, two straight lines in a plane determine a plane angle; 
two planes in 3-space determine a dihedral angle, which can be 
measured by means of a plane angle. If the figure is moved 
about rigidly this angle remains fixed ; or, to put it more 
geometrically, if the figure is referred to a system of rectangular 
co-ordinates and we transform to any other system of rectangular 
co-ordinates there is an analytical expression corresponding to 
the angle which remains invariant. 

2. Angle between two Completely Intersecting Spaces. 
We have then to show first that two flat spaces and 
(/ ^ which intersect in an Sg _ ^ and therefore lie in the 
same 4. 1 have a single mutual invariant. 

If Sg _ 1 is not simply a point there is a unique _ g ^ 2 
through any point O of Sg _ j which is completely orthogonal to 
Sg _ 1- This cuts Sg in a line and in an Sp _ g + j. Con- 
versely, if the line and the _ g + 1 are given, intersecting in 
O, they determine a unique _ g + 2 containing them both ; at 
O, and in an arbitrary Sp ^ 1 containing _ g ^ 2» there is a 
unique Sg _ 1 completely orthogonal to _ g + 2> ^ unique 

containing Sg _ j and S^ _ g j. We have therefore reduced 
the problem to determining the angle between a line Sj and an 
Sr which cut in a point. In S^ there is a unique S^. _ 1 ortho- 
gonal to Sj, and a unique line / orthogonal to Sr - r The two 
lines Si and I then determine the unique angle. 

If now a similar construction is made with another point 
O' on Sg_i, then we have at O a line I and a ^ 4- i)-flat 

Sp _ g 4. 1, both completely orthogonal to Sg _ 1, and also at O' a 

39 
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line [ and an both completely orthogonal to S^^^. 

But I and /' both lie in S^ and are therefore parallel, also 
and both lie in S^ and are therefore com- 

pletely parallel. Hence the angles determined at O and O' 
are equal. 

3. Distance between Non- Intersecting Spaces. If two 

/-flats a and ^ are completely parallel we have to regard their 
angle as being zero. Jn the (/ + i)-flat which contains them 
there passes through any point O a single line which is normal 
to both a and p. If two normals are drawn through different 
points O, O', cutting a and in A, B and A', B', then ABB'A 
is a rectangle and AB = A'B'. This distance AB is called the 
distance between the parallel /-flats. We can similarly, with a 
slight modification, define the distance between a /-flat and a 
^-flat which are completely parallel. 

4. If S^ and S^ have no common point, they are contained 

in the same Sp 
Let S(^ _ i)qq and S(j _ qoo 
be their infinite regions ; 
these lie in the region 
at infinity S{p + q)ao and 
have no common point. 
Then and S(y-i)oo 
determine a (/ + ^)-flat 
Ap ^q which contains 

and is completely parallel to Sq ; and Sq and S{p _ 1)00 determine 
another (/ + ^)-flat B^ ^ ^ which contains and is completely 
parallel to S^. The infinite regions A(p ^ and B(^ + ^ _ i)oo 
of Ap ^ j and B^ ^ ^ both contain both of the regions S(^ _ 
and S{^ _ i)oQ ; they therefore both coincide with S(j, ^ q)^, and 
therefore Ap^^ and Bj, 4. ^ are completely parallel. The dis- 
tance between A^ ^ ^ and B^ ^ ^ is then defined to be the distance 
between and S^. 

Sp determines with A^^^, the absolute pole of A^^ ^ ^ 
a (/ + i)-flat which cuts B^ ^ ^ in a /-flat and in a point 
B ; and similarly determines with Bqoo) the absolute pole of 
B(|,4.g-i)oo» a (^ + i)-flat which cuts A^^.^ in a ^-flat S' and 
Sp in a point A. AB is normal to both A^ ^ and Bp ^ ^ and 
therefore also to Sp and Sq, and the construction shows that 
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it is in general unique. In general therefore two flats which 
have no point in common have a unique common normal. 

5. If and Sj are parallel of degree {r + \)\q so that 

they have no finite point in common and their infinite regions 
intersect in an r-flat they are contained in the same 

{p + q- ryfidX. Then and S(^ __ determine a ^ - i - r)- 
flat A^ 4. ^ _ 1 which contains S^ and is completely parallel to 

Sg ; and and determine another (p + q - r - i)-flat 

which contains and is completely parallel to S^p ; 
also is completely parallel to 

determines with the absolute pole of A^^, 4 ^ ^ _ ,^0^, a 

(p + i)-flat which cuts in a /-flat and in an 

(r + i)-flat By 4 1,* and similarly determines with Bqoo, the 
absolute pole of B(p 4 ^ ^ a + i)-flat which cuts A^ 4 ^ ^ _ 1 
in a ^-flat S' and in an (r+ i)-flat Since all the flats 

contain Sy it follows that By^^^ and Ay^^, the regions at infinity 
on By 4 1 and Ay 4 both coincide with Sy^^^. Therefore Ay 4 ^ 
and By 41 are completely parallel. Hence when two flats are 
parallel y having a common r-flat at inflnityy there is a unique 
{r + lyflat on each which is completely parallel to the other 
and the two flats have ad '^common normals. 

Two lines in a plane have a single angle, which becomes 
zero when the lines are parallel ; two parallel lines have a single 
distance. Two lines in general have a single distance, which 
becomes zero when the lines intersect ; and also a single angle, 
which is equal to the angle between two intersecting lines 
parallel to the given lines. Thus two lines in general have two 
mutual invariants. Two planes in three dimensions have a 
single angle, which is zero when the planes are completely 
parallel ; two completely parallel planes have a single dis- 
tance. 

6. Angles between Two Planes in S4. Consider now 
the case of two planes a, j 3 in general. If they have no point 
in common we have seen that they have a single distance, the 
distance between two 3-flats, one through each plane and 
completely parallel to the other. If they are contained in 
the same 3-flat they have a single dihedral angle. We have 
now to consider the case where they have just one point O in 
common. Let a^ and be their lines at infinity. These 
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do not in general intersect. If they intersect, a and j8 inter- 
sect in a line ; if they coincide, a and 6 are completely 
parallel. The absolute polars of and are two lines 

and If a and j8 are real, and cannot intersect. 

If cuts reciprocally cuts and the two planes are 
half-orthogonal. If coincides with and reciprocally 
coincides with d^y the two planes are completely orthogonal. 
In the general case a^y b^y a^y are four skew lines. Take 
any other plane y through O, and let be its line at infinity 

and the absolute polar of this line. If cuts a^y y cuts 

a in a line ; if cuts a^y y and a are half-orthogonal. 
Hence if cuts both and a^y y and a are orthogonal in 
three dimensions. Through any point on b^ there passes 
just one line which cuts both and a^y viz. the line of 
intersection of the planes and Hence through 

any line m of through O, there passes just one plane which 
cuts a orthogonally in a straight line, I say ; this plane is not 
in general orthogonal to /S. If, however, it is possible to find 
a common transversal A^^B^^A^B^ of all four lines b^y 
d^y b'^ we obtain a plane through O which cuts both a and j8 
orthogonally in straight lines I and 7 n. Now this is in general 
possible in two ways. The assemblage of all transversals of 
three skew lines a^y b^y d^ is a reguluSy or system of lines on 
a ruled surface of the second degree (hyperboloid cr paraboloid). 
On this surface there is a second set of lines all mutually skew, 
and every line of the one system cuts every line of the other 
system. The fourth line b>^ cuts the surface in two points B^ 
and Bg, and through each of these there passes a line of the 
second system and these therefore cut the first three lines in 
points Aj, Bj, Aj and Ag, Bg Ag (Fig. 9). Hence we have two 
lines and cutting all four lines. 

We have therefore through O two planes, and 8 ^ say, 
each cutting a and jS orthogonally in straight lines, say and 
/g on a, and and 7 n^ on j8. The two planes therefore 
determine two angles, = tv ^2 

angles which they cut out on the two common orthogonal 
planes and Sg. 

7 * If we transform the figure by taking the absolute polar 
of every point and line, and d^y b^ and b'^ are inter- 
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changed ; and are changed into their absolute polars d*^ 
and since properties of incidence are invariant for 

this transformation, d\ and d*^ must also cut the four lines, and 
since there are only two common transversals, d^^ must coincide 
with d^ and <^2 Hence dj^ and d^ are absolute polars, 

and the corresponding planes and Sg completely ortho- 
gonal. 

8 . The existence of these two angles can be shown also as 
follows. If OP is any line in a and OO any line in j8, both 
through O, the angle POQ can never be zero and must there- 
fore have a certain minimum value. If A^OBj (Fig. 10) repre- 
sents this minimum angle, the plane AjOBi(^ §1) i^^ust cut both 



a and j8 orthogonally, for consider another plane through OB^ 
cutting a in OP, then when the plane A^OB^ is orthogonal to a 
the angle B^OP > angle B^OA^. Having shown the existence 
of one plane cutting both a and jS orthogonally and forming a 
minimum angle AjOB^, a second plane can be found having the 
same property. In a take the line OA^ X OA^, and in j8 the 
line OB2 X OB^. Then since a X S^, OA^ X S^, and therefore 
OAg X OBi- Similarly OB^ X OA^. The two lines OA^, OBj 
are both perpendicular to the two lines OA2, OB2, and the plane 
A2OB2 (" 82) is normal to OA^ and OB^ and therefore cuts both 
a and jS orthogonally. The acute angle A20B2 (se <^2) is there- 
fore also a minimum. Also the planes Sj and 82 are completely 
orthogonal 
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If OPi is any line of a there is one plane through OP^ which 
cuts jS orthogonally in OQj, say. Then there is one plane 
through OQi which cuts a orthogonally in OPg, say, and so on. 
Now since the plane OQ1P2 ± OP1P2, the angle QjOPg < the 
angle P^GQi- Hence we have a sequence of lines OP^, OP2, 
... on a and a sequence of lines OQj, OQ2, . . . on j8 such 
that 

Q1OP2 P2OQ2 • • • 

The sequence P^OQp P2OQ2, . . . therefore tends to a finite 
limit, which is AiOB^. Similarly the sequence in the ascending 
order tends to a finite limit which is A2OB2. Thus while each 
of the two angles and is a minimum value of the angle 
POQ, where OP and OQ are any lines in a and ^ respectively, 
(f>^ is a minimum and ^2 ^ maximum in the series of angles 
PiOQi for which the plane PjOQj is always ± a. 

9. We see also that if cf)^ ~ ^he intermediate angles 

Pj^OQi, etc., are equal, and each of the planes PiOQ^ cuts both 
a and jS orthogonally. In this case the two planes are said to 
be isocline. The lines at infinity and and their absolute 
polars d ^ and U ^ all belong to the same regulus, and are cut by 
all the generators of the other system. 

The theory of isocline planes through a point is the same as 
the theory of equidistant straight lines in elliptic geometry of 
three dimensions, usually called Clifford s parallels or paratactic 
lines.* 

Thus it may be proved that if the planes a and j8 are isocline, 
so also are any two planes which cut them both orthogonally. 
Through any line OA which cuts a given plane a in O there 
pass two planes isocline to a. Let the plane through OA_La 
cut a in ON, and let /,NOA = 0 . 1 denote the plane NOA 

by 8, and let 8' be the plane through O completely orthogonal 
to 8. 8' cuts a in the line ON' ± ON. In 8' construct the two 

lines OBj and OB2, each making with ON' the angle 0 . Then 
the planes AOBi ^tnd AOBg are each isocline to a. 

10 . Returning now to the general case, two planes a and j8 
through a point O have two minimum angles AiOBj = (f>i and 

*See Sommerville, “The Elements of Non-euclidean Geometry,” 
chap. iii. 
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A2OB2 — <f>2- If (f>i — 0 the lines OA^ and OBi coincide and 
the planes have the line OA^ in common ; the other angle is 
the ordinary dihedral angle between the two planes. If also 
<^2 == 0 the planes coincide. If ^2 =* 9^° the planes are 
half-orthogonal, and if also = 90° they are completely 
orthogonal. 

11. If the two planes a, have no point in common and 
have only a common containing 5-flat, they have a minimum 
distance d, and also two minimum angles and ^2 which may 
be defined as being equal to those belonging to two planes 
through a point O which are completely parallel to the given 
planes. If = 0 , a and p are half-parallel ; if also ^2 = 0 
they are completely parallel ; and they coincide only if d, and 
^2 all vanish. Thus two planes in S5 have three mutual in- 
variants, one distance and two angles. 

12. Angles between two Linear Spaces. Two 3 -flats 
which lie in Sg, and therefore have a point in common, cut the 
hyperplane at infinity in two planes having no point in common. 
These two planes have three mutual invariants, all distances, 
and these measure three angles which form the mutual invariants 
of the two 3 -flats. 

It can be proved by induction that two /-flats in and 
therefore having a point in common, have / mutual invariants, 
all angles. For assuming this for /, two /-flats in ^ having 
no point in common, have / + i mutual invariants, / angles 
and one distance. Then two (/ + i)-flats in 82^ + 2, having 
just one point in common, cut the hyperplane at infinity in two 
/-flats which have no point in common and have therefore / + i 
mutual invariants ; these determine the / + i mutual invariants 
of the two (/ + i)-flats. 

13. Consider now an and an (/ > having just one 
point in common, and lying in an ^ j. From every point 
of Sg there can be drawn one and only one line cutting Sp at 
right angles. The assemblage of the feet of the perpendiculars 
is an S' which is the projection of the given on the S^. 
The assemblage of all the perpendiculars forms an con- 
taining Sj and S'. The assemblage of all the perpendiculars 
to Sag in the S^ ^ ^ at points of S' is the Sp. Thus the Sp is 
determined when the S^ and S^ are given, and the mutual 
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invariants of the Sp and are the same as those of the 
and Sj, q in number. 

14* Consider lastly an Sp and an having in common an 
Sy and all lying in an Sp ^ ^ ^ ^ As before this 

may be reduced to the and its projection Sj on Sp, so that 

we have only to consider two S^*s having in common an 
and lying in an At any point of S^ there is a unique 

S^ - *r the Saj _ , absolutely orthogonal to S^, and this cuts 
the Sj’s in S^ _ ^’s. We have then two S^ _ ,.^s in S,j _ and 
having one point in common, and these determine the original 
Sp and S^. Hence we have in this case q - r mutual invariant 
angles. An Sp and an S^ (/ ^ q) both lying in an S^ ^ / -f q) 

have n - p mutual invariant angles ; if « ^ ^ 4 - i, they 

have q angles and one distance. 

15. The actual construction of the q angles between an Sp 
and an Sg(/ ^ which have one point O in common can be 
obtained as follows. If OP is any line in Sp and OQ any line 
in Sg the angle POQ has a certain minimum value since it 
cannot be zero, Sp and Sg having no common line. Let 
PjOQi = 01 be this minimum angle. Then the plane PiOQj is 
half-orthogonal to both Sp and Sg, and 0 ^ is one of the angles 
between these two flats. 

Now at O there is in Sp a unique Sp 1 normal to OPi, 
and in Sg a unique Sg _ ^ normal to OQ^, and if OP is any line 
in Sp - 1 and OQ any line in Sg _ 1 the angle POQ has again 
a minimum value, say P2OQ2 = 02, and the plane P2OQ2 is half- 
orthogonal to both Sp _ 1 and Sg _ j. Since PiOQi is half- 
orthogonal to Sp which contains the plane PiOP2» 
half-orthogonal to PjOPa ; and since OP2 ± OP^ it follows 
that OP2 ± PiOQi. Similarly OQ2 ± PiOQ^ Hence P2OQ2 
and PiOQi are completely orthogonal. In the plane P2OQ2 let 
OP' ± OP2 and OQ' ± OQg. Then OP' X Sp « i and also 
X OPj, hence OP' x Sp, and similarly OQ' x Sg. Therefore 
P2OQ2 is half-orthogonal to both Sp and Sg, and the angle 02 
is a second angle between these two flats. 

Take next in Sp the Sp « 2 which is absolutely orthogonal 
to the plane P^OPg, and in Sg the Sg _ , orthogonal to Q1OQ2. 
Then we obtain again a minimum angle between lines of Sp .. a 
and Sg „ a, viz. PjOQg = 0^, and it is proved as before that 
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PjOQa is half-orthogonal to Sp « 3 and Sg ^ , and hence to S, 
and Sg. Also the three planes PiOQi, P2OQ2, PjOQa are 
mutually completely orthogonal. 

This process can be continued until we have obtained q - i 
angles. The next step gives an S^ _ g j orthogonal to the 
{q - i)-flat OPjPj . . . Pg_i and a line I normal to the 
- i)-flat OQ1Q2 . • . Qg-r There is then one line in 
Sp « g + 1 which makes a minimum angle with the line /, and 
we then obtain q angles. 

A clearer picture of this is obtained when we consider 
projections (see § 18). 

If Sp and Sg have an Sr common and are therefore contained 
in an Sp + g _ r, at any point O of Sr there is a unique Sp 4. g _ jr 
completely orthogor.al to Sr- This cuts Sp in an Sp _ r and Sg 
in an Sg _ rj and these two spaces have q - r angles which are 
the angles between Sp and Sg. The other r angles which 
should exist are now zero. 

16. If Sp and Sg (/ ^ q') have just one common point O, 
and Sn - p and _ g are the spaces through O completely 
orthogonal to them, these two spaces intersect in an S^ - p - g 
and have therefore (n - p) - (n - p - q) q angles ; these 
are respectively equal to the q angles between Sp and Sg. If 
Sp and Sg have an Sr in common and still lie in S„, so that they 
have ^ - r angles, the normal spaces _ p and S^ - g both lie 
in the Sp _ ^ which is normal to Sf and have therefore a 
common Sp _ p _ g 4. ^ ; they have therefore also (« - /) - 
(n-p-q+r) = q- r angles, which are equal to the 
corresponding angles between Sp and Sg. 

17. If Sp and Sg (p ^ q) have just one point O in common 
and ‘lie in an Sp, so that n^p + q, and Sp _ p is the (n - py 
flat normal to Sp at O, « - p ^ q, therefore Sp « p and Sg have 
q angles ; these are the complements of the angles between Sp 
and Sg. Similarly if Sp and Sg hav^an S^ in common and lie 
in an Sp 4. g .. r. Then the Sp . p, i.e. Sg « r, normal to Sp, 
makes q - r angles with Sg which are the complements of the 
angles between Sp and Sg. But \i p + q^n'^p q - r, so 
that q^n-p'^q-Ti the normal Sp,.. p, which cannot meet 
Sg in more than a point, has n - p angles with Sg, exceeding 
therefore the number q - r. In this case the Sp .» r normal to 
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Sr contains Sn^p and cuts S^ in an Sg « r The g - r angles 
between Sg and this Sg^^ are the complements of those 
between Sp and Sg. 

1 8 . Projections. In the general conception of projection 
there is a fixed point O, the centre of projection^ and a fixed 
{n ~ i)-flat TT, the hyperplane of projection, not passing through 
O, and the projection of a point P on to tt is the point P' in 
which the line OP cuts tt. The projection of a line / is the line 
of intersection of the plane O/ with tt, and in general the projec- 
tion of a /-flat a is the /-flat a in which the (/ + i )-flat Oa 
cuts TT. The projection of a /-flat a may be a (/ - i)-flat, in 
the case where a passes through O ; a is then just the intersec- 
tion of a with TT. 

In this conception of projection every element has. a unique 
projection, but any /-flat a' in tt is the projection of any /-flat 
which lies in the (/ + i)-flat Oa. A more specialised and 
fruitful conception of projection, which, however, is not now 
being considered, confines the elements, which are being pro- 
jected, to an {n - l)-flat not passing through O: this is the 
basis of projective geometry. 

To project on to an {n - 2)-flat, as hyperplane of projection 
TT, the centre of projection is replaced by a straight line /, the 
axis of projection, which does not cut tt. The projection of a 
point P is then the point P' in which the plane /P cuts tt. The 
projection of a /-flat a is the /-flat a in which the (/ + i)-flat 

/a cuts TT. 

Similarly to project on to an .y-flat tt, we take as axis of pro- 
jection an {n - $ - i)-flat S, which does not cut tt, and the 
projection of a point P is the point P' in which the (« - i')-flat 
SP cuts TT. The projection of a /-flat a (/ < j) is the /-flat a 
in which the (» - j + /)-flat Sa cuts tt. The projection of a 
/-flat will be a (/ - ^)-flat if the /-flat cuts S in an {r - i)-flat ; 
a point if it cuts S in a (/ - i)-flat 

19. Parallel Projection. In parallel projection the axis of 

projection is an ^ - i)-flat at infinity Sg^, the hyperplane 

of projection being an j-flat -tt, whose region at infinity does not 
cut SoQ. The {n - j)-flats which project points are all com- 
pletely parallel to one another. Since Sqq lies in the hyper- 
plane at infinity, the projection of any element at infinity is 
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itself an element at infinity. If a /-flat and a ^-flat (j >/ 5 

are parallel of degree {r + i)/^, so that they intersect in an r-flat 
at infinity, and have no finite point in common, their projections 
are also parallel of degree {r 4- i)/^. In particular the projec- 
tion of a parallelotope is a parallelotope. 

20 . Orthogonal Projection. In orthogonal projection, 
which is a particular case of parallel projection, the axis of 
projection is the absolute polar of the j-flat of projection 
TT. The {n - j-)-flats which project points on to n are com- 
pletely orthogonal to tt and are all completely parallel to one 
another. The projection of a /-flat a (/ < j) is always a 
/-flat, provided a has no degree of orthogonality with tt. As 
in parallel projection in general, the projection of a parallel- 
otope is always a parallelotope. 

If S' is the projection of on the angles between 
and are the same as those between and S'. In each of 
these flats we have, by the construction of § 15, a set of q 
rectangular axes OP^, OPg, . . ., OP^ and OQj, OQ^, . . ., 
OQ^, and these are so related that OP^ X OQ^ if r 4= .r, but 
the angle between corresponding axes OP^ and OQ^ = 

21. Projection of an Orthotope into an Orthotope. 
A rectangular parallelotope, i.e. one whose concurrent edges 
are all mutually at right angles, will be called an orthotope. 
Consider an orthotope of / dimensions (/ <[ s) with edges 

• • -j concurrent at O, and suppose first that its /-flat a 
does not cut tt, or only cuts tt in one point. Let O' be the 
projection of O, and let a be the /-flat through O' completely 
parallel to a. Then in a' there are / mutually perpendicular 
axes O'Pi, 0'P2, . . O'P', and in tt thereare also / mutually 

perpendicular axes O'Q^, O'Q^, . . ., O'Q^, the projections of 
the former, such that the angles P<OQ^ (/ y) are all right 
angles, while P^OQ^ = The angles 0 ^, . . ., 0 ^ are then 

the / angles between a' and tt or between a and tt. If then 
the edges of the orthotope in a are parallel to the corre- 
sponding axes in a', the orthotope is projected into an 
orthotope with edges a\ = cos 0^, a\ == cos 0^, . . ., 
cos 0p. 

If a cuts TT in an r-flat, r of the angles 0 p _ ^ + 1, . . ., Qp are 
zero, and we can take r of the edges of the orthotope parallel to 

4 



50 


GEOMETRY OF N DIMENSIONS [iv. 22 


r rectangular axes in the r-flat, the remaining p - r being de- 
termined as above. 

22. Content of the Prqjection of a/- Dimensional Region. 
The content of an orthotope with edges a^, . . in a /-flat 
« is V = Oiflj ... Up. When its projection on n is also an 
orthotope and a meets w in no more than one point, the content 
of the projection is 

V' = V cos cos . . . cos 6p ; 
and if a cuts n in an r-flat 

V' = V cos cos 0, . . . cos 0p _ „ 

where 0^, 0^, . . . are the angles between a and tt. 

As any /-dimensional region can be divided into small ortho- 
topes whose total content is in the limit equal to that of the 
given region, these relations hold also generally. 
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CHAPTER V 


ANALYTICAL GEOMETRY: PROJECTIVE 

I. The axioms of plane projective geometry are verified when 
a point is represented by a set of three numbers (x, real 

or complex but not all zero, taken in a given order, with the 
understanding that if k is any factor, not zero, the set of num- 
bers {kx, kyy kz) represents always the same point ; and a line 
is the assemblage of points represented by numbers y^ z) 
which satisfy a fixed homogeneous equation of the first degree 
/x + fny + = 0. 

In projective geometry of n dimensions a point x is repre- 
sented by the ratios of + i numbers or co-ordinates Xq, x^, 
. . Xni and has thus n degrees of freedom. 

2. Parametric Equations. A line is a series of points, 
having one degree of freedom and therefore depending on a 
single parameter, which is completely determined by two points. 
We may therefore define a line as the assemblage of points re- 
presented by the equations 

px^ == + XXf (r == 0 , I, . . n) . (21) 

where x^ and x^ are fixed, p is a factor of proportionality, 
and A is a variable parameter, or by 

px^ = tx\ + ux” (r = 0 , I, . . ., n) . (2*2) 

where the ratio t\u is the variable parameter, x and x” are 
two fixed points on the line, and correspond respectively to 
the values u ^ 0 and / = 0 of the homogeneous parameters. 
Similarly 

px^ = tx\ + ux’ + vx” (r = 0 , I, . . ., n) . (2*3) 

represents a plane through the three points x\ x\ x” y provided 
they are not collinear. All points on the line through these 
points lie in the plane. 
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And generally 

pXr = + . . . + (r = 0 , I, . . n) (2-4) 

represents a (^ - i)-flat through the points x^^\ . . x^\ 

3. Equation of a Hyperplane. When p = n we can 
eliminate the (« + l) quantities p, between these 

homc^eneous equations, and we obtain a single equation 


^0 

x^ . 

. . ;ir„ 


4'^ . 

Jl) 

. . 

4"’ 

4“) . 

^(n) 

. . 


which is homogeneous and of the first degree in Xr. An 
(« - l)-flat or hyperplane is thus represented also by a single 
equation of the form 

n 

^lrXr=>0. . ( 3 - 2 ) 

f-o 


4, p distinct points in general determine a (/> - i)-flat. 
The equation (3*1) is the condition that the « 4- I points x, x^^^t 
. . should be in the same {n - i)-flat. Similarly the 

condition that the / + i points x^ should lie in 

the same (/ - i)-flat is found by eliminating the (^ + i) 
quantities p, between the + i equations (2 *4). This 

is represented by 


x^ x^ . . 

. X^ 

4 > 4 '> • 

^( 1 ) 

. 




(4'i) 


which implies the vanishing of every determinant obtained by 
striking out any n - p columns of this array or matrix. As a 
point in has n degrees of freedom, and in Sp _ 1 has p -- i 
degrees of freedom, a point constrained to lie in the Sp i 
determined by ^ given points has « ~ + i degrees of con- 

straint The equation (4*1) which involves the vanishing of 
ft + iCp + 1 determinants, is equivalent to only « - / + i con- 
ditions. 
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5. Matrix Notation. As we shall frequently have to use 
this notation it is necessary to state some definitions and 
theorems regarding matrices. 

A matrix is a rectangular arrangement of mn elements 
in m rows and n columns, which may be denoted by If 

we choose any r rows and the same number of columns, an 
;^-rowed determinant is formed which is called a determinant of 
the matrix. If every {r + i)-rowed determinant of a matrix 
vanishes, but there is at least one r-rowed determinant which 
does not vanish, the matrix is said to be of rank r. 

6. The vanishing of all the ;^-rowed determinants of the 
matrix will be denoted by the equation 

11 ^mn 11 r ~ 

or, more accurately, by the statement that the matrix is of rank 
r - i. 

The number of ^-rowed determinants in this matrix is 
^Cy . nCr, but they are not all independent, and if a certain 
number of them, suitably chosen, are equated to zero, the rest 
will vanish identically. For example take the matrix 



If - cL^b^ = 0 and = 0 , then, provided and 

do not both vanish, we have 

^ == 
b ^ ^2 ^2 

and therefore b^c^ - b^c^ = 0. 

THEOREM. The number of independent conditions involved 
in the equation 

11 ^wn 11 r — 0 

is in general (m - r + i)(« - r + i). 

Consider first the array 

11 11 r» 

and let all the determinants (« - r + i in number) vanish 
which have the same r - i columns, only differing, s? in 
the last column; expanding each in terms of the co 
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= A^yf = A^, say, of the elements of the last column, we 
have 

r ^ X 

^ - 0 (v =‘ r, r + 1, n). 

M-l 

We assume that the A*s are not all zero. Now take any other 
determinant of the array 

^Ivi ^iv.2 • * ‘ ^l»'r 
drv^ ^rv2 * * * 

Multiply the rows respectively by Aj, Ag, . . A^, and add to 

the first row. In the/th column we have then as element of the 
first row 



u-l 


If Pp =» I, 2, . . . or r - I this is a determinant which has 
two columns the same and therefore vanishes identically, and if 
Vp =» r, r + I, . . . or it is one of the determinants which 
already vanish. Hence all the elements of the first row 
vanish, and the whole determinant vanishes identically. 

Taking now the array 1| a^n II n if we equate to zero all the 
r-rowed determinants which differ only in the elements of the 
last column or the last row (the number of these being 
(w - r + i)(« - r + i)), the previous proof shows that all 
the determinants vanish which have their first r - i rows 
chosen from the elements of the first r - i rows of the array, 
and then applying the same result to columns instead of rows 
we deduce the vanishing of all the other determinants of the 
array as well. 

7. Linearly Independent Points. If p points do not all 
lie in the same (/ - 2)-flat it follows that no set of r of them 
lie in the same {r - 2)-flat, for 2, 3, . . The/ points 

are then said to be linearly independent The condition for this 
can be expressed by saying that the matrix 


. . 

1 

jri?) . . 



diubn 
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is of rank p. If the matrix is of rank / - i, the p points all He 
in the same (/ - i)-flat, but not in a (/ - 2)-flat. Similarly 
it can be shown that the necessary and sufficient condition that 
the p points should all lie in the same ^-flat, but not in the same 

- i)-flat is that the matrix is of rank q. 

8. p hyperplanes {p ^n) in general have in common an 

{n - /)-flat, and « + i hyperplanes have in general no point 
in common. If no set of r of the p hyperplanes have in 
common an {n - r ^ i)-flat (r « 3, 4, . . p) they are said 
to be linearly independent. If their equations are = 0 

(j = I, . . p) the condition for this is that the matrix 

. . . e- 
• • • eird 

is of rank p. If the matrix is of rank ^ ( </), thep hyper- 
planes all contain the same (n - ^)-flat. This holds also if 
p>n. 

Clearly not more than n + i points or hyperplanes can be 
independent since the matrix has only « -f i columns and 
cannot be of higher rank than w + i. 

9. Simplex of Reference. The n + i points Ao^(i, 

o, . . .) o), Aj == (o, 1,0,. . oj, . . .) A^ = (o, o, . . o, i) 
are independent and are called the points of reference or 
fundamental points of the co-ordinate-system. They form a 
simplex called the simplex of reference or fundamental simplex. 
The equations of its {n- i)-dimensional boundaries or funda- 
mental hyperplanes are =* 0 , = 0 , . , « 0 . 

10. Unit-point; Cross-ratios. To fix the co-ordinate- 

system it is not sufficient to fix the points of reference. We are 
still free to give any values to the co-ordinates of a particular 
point ; and we shall choose a certain point, not on any of the 
fundamental hyperplanes, and give its co-ordinates all the value 
unity. We call this the unit’-point, U~(i, i, . . i). 

It can now be shown that the co-ordinates t)f any other 
point are determined, in terms of certain cross-ratios. Let 
P = {xq, . . ., join UP and let it cut the hyperplane 
opposite A,, in L^. Let the cross-ratio (L^L,., UP) = X^. 
The co-ordinates of any point on UP are given by 
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where u are homogeneous parameters. By a fundamental 
theorem (which we assume) since there is a (i, i) correspon- 
dence between the points of the line and the ratios of the 
homogeneous parameters tju (= A), the cross-ratio of four 
points on the line is equal to the cross-ratio of the parameters, 
this cross-ratio being defined to be 


iWi A3A4) 



/ ^i - ^4 
/ A2 ~ A4 


The parameters of the four points L,., U, P are given by 
0 == 4- 0 = = 0, 2/4 = 0 , and the cross-ratio 


(AjAj, A3A4) — 


- 


Hence 


^0 


II. Duality. A point and an (n - i)-flat in Sn have the 
same number of degrees of freedom and can be put into (1,1) 
correspondence. The assemblage of all (n - i)-flats in Sn is an 
^-dimensional manifold or space of n dimensions which we may 
denote by Zn- The (n - i)-flat is here regarded as the element 
and can be fixed by co-ordinates like a point. The simplest 
correspondence between Sn and Un is established by defining the 
homogeneous co-ordinates of the (n - i)-flat whose point-equa- 
tion is =* 0 to be (^q, , , ,, ^n)- 

There is an exact duality between points and (« - i)-flats, 
lines and {n - 2)-flats, and so on. To an (« - i)-flat con- 
sidered as an assemblage of points corresponds an assemblage 
of (« - i)-flats through a point. The equations 

p^r ^ ^ Oy ly . . n) 


represent an assemblage of (n - i)-flats all passing through 
the (n - 2 )-flat in which i' and intersect. 

12, Order of a Variety. A homogeneous equation of 
degree r in the point-co-ordinates Xy, represents an (« - i)- 
dimensional assemblage of points or a variety of order r, 
characterised by the property that it is cut by an arbitrary 
line in r points, real, coincident, or imaginary. It is denoted 
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by V|i _ !• A system of p homogeneous equations in x, repre- 
sents a variety oi n - p dimensions Vj; _ ,, the intersection of 
p varieties of « - i dimensions. Rs order r is equal to the 
number of points in which it is cut by an arbitrary /-flat. 

13 . A system of equations of the form 

pXv = (v = 0, I «), 

where denote functions of the single parameter A, represents 
a curve. If the are rational, integral, algebraic functions, 
the curve is said to be rationaL If the functions are each of 
degree r the order of the curve is r, for it is cut by an arbitrary 
{n ~ I )-flat ElyXv = 0 in r points corresponding to the r roots 
of the equation = 0. 

A system of equations of the form 

pXy == ^It . . ., (l' = 0, I, . . ., 

where <f>y denote rational, integral, algebraic functions, homo- 
geneous in the / + i parameters /, each of degree r, represents 
a rational Vp. 

Generally, a is a variety of p dimensions of order i.e. 
such that an arbitrary {n ~ /)-flat in the which contains it 
cuts it in r points. 

14. Rational Normal Curves. A curve of order r lies 
entirely in a flat space of dimensions r or lessy for if r + i 
arbitrary points are taken on the curve they determine an S,. 
which would cut the curve in r + i points, and must therefore 
contain the whole curve.* 

A curve of order n in Sn is always rational^ for if we take 
n - \ fixed points on the curve there is a one-dimensional pencil 
of {n ~ i)-flats through these fixed points, and each cuts the curve 
in one other point. There is thus a (i, l) correspondence be- 
tween the points of the curve and the values of the parameter 
which determines hyperplanes of the pencil. A curve of oider 

*Or a portion of the curve. In the latter case the curve is not a 
proper curve of order r, but decomposes. Thus a proper cubic curve 
must be contained in a space of three dimensions ; but a conic together 
with a line which does not meet the plane of the conic form a composite 
cubic which is not contained in a space of fewer than four dimensions. 
Three mutually skew lines form a composite cubic which may be contained 
in a space of not fewer than five dimensions. 
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r which is not contained in any flat space of fewer than r dimen- 
sions is called a rational normal curve; e.g. a conic, a twisted 
cubic, a curve of the fourth order in S4, and so on. 

15. A normal curve of order r cannot be cut by any line in 

more than two points, for suppose a certain line cuts the curve in 
three points, then the line together with r - 2 other points on 
the curve determines an {r - i)-flat which cuts the curve in 
r + I points ; and, generally, a curve of order r which is con-- 
tained in a flat space of n dimensions {n ^ r) cannot be cut by a 
p-flat (/ < n) in more than p + r - n + I points, for suppose 
it to be cut in / + r - n + 2 points ; then through the /-flat, 
which is determined by / + i points, and n - p - i other 
points on the curve there passes an (n - i)-flat which cuts the 
curve in(p + r - n + 2) + (n - p - + i points. 

A surface of order r, i.e. a VJ, in S„, but not lying in an 
Su _ 1 is cut by an arbitrary S„ _ , in r points. The S„ _ ^ is 
determined by - i points. Hence n - i r, i.e. a 
always contained in a fiat space of r + i dimensions or less. 

A in S,i, but not lying in an S„ _ is cut by an arbitrary 

Sn-p ^ points. The is determined by « - / + i 

points. Hence n - p + i r, i.e. a is always contained 
in a fiat space of r p - i dimensions or less. In particular 
a Vp, or quadric variety, is always contained in a flat space of 
/ + I dimensions. 

A VJ which is contained in a fiat space of n dimensions 
{n:^r q - i) cannot be cut by an Sp {p n - q) in more 
than p r - n q points. 

16. Rational Normal Varieties. A + i which is 
contained in a space of dimensions n but not fewer is said to 
be normal, and is rational. For if we take r - i fixed points 
on the variety there is an - r + i)-dimensional linear 
system of (r - i)-flats through these r - i points, and each 
cuts the variety in one other point. Thus the co-ordinates of 
this variable point can be expressed rationally in terms of 
n - r ’V \ variable parameters ; or the points of the variety 
can be put into (i, i) correspondence with the points of a flat 
space of « - r + I dimensions. A quadric variety of any 
dimensions is rational. A quadric in space of three dimen- 
sions can be represented rationally on a plane ; the process, 
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already indicated in the general proof, is by projecting the 
surface on to the plane from a centre of projection lying on 
the surface, i.e. stereographic projection. 

In a plane the only rational normal variety is the conic. 
In three dimensions the only rational normal varieties are the 
cubic curve, and the quadric surface. In four dimensions we 
have the quartic curve, the cubic surface, and the 3-dimensional 
quadric. In the only rational normal varieties are the VJ, 
V2 “ S . . _ 1- There are of course other rational varieties, 

e.g. rational plane cubic curves, rational cubic surfaces in S3, 
etc., but for such varieties special conditions have to be 
satisfied. 


Quadric Varieties 

We shall consider now in more detail the quadric variety, 
represented by a homogeneous equation in of the second degree 

n ft 

r«0 S"mQ 

When s — r we have a square ** term ; when s =¥ r we 
have product terms, and the coefficient of x^g is a^g + a,,. ; 
this can be written as a single coefficient, say 2a\g, which is 
equivalent to assuming a^g = This assumption therefore 
does not lead to any loss of generality. 

18, Conjugate Points, Polar, Tangent. Let a and ^ be 
any two points, then any point on their join is represented by 

pXy Aa„ + (v = 0 , I, . . ., n) . (i8*i) 

It X lies on the quadric we have 

SEaniXoir + flPrXXcC, + fJLpt) == 0, 
i.e. X^EEarg(X.rO!‘ 8 + == 0 (l8*2) 

This quadratic equation in X: fx determines the two points in 
which the line joining a and cuts the quadric. If these points 
are harmonic conjugates with regard to a and jS the two values 
of A : /X must be equal but opposite in sign, and therefore 

EEar,arpg = 0 . . . (18*3) 

The two points a, jS are then said to be conjugate with regard to 
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the quadric. If a is fixed, the locus of harmonic conjugates, or 
the polar of a is 

22 J(Zf.g(XfXg = 0 . . . (18*4) 

If a and jS are conjugate points, and a lies on the quadric, 

equation (18*2) becomes 

ix^SEarSr^, = 0 . . . (i8-5) 

If /X 4= 0 then = 0 ; in this case j 3 lies on the quadric, 

the value of A : /x is indeterminate, and all points of the line aj 3 
lie on the quadric ; we shall return to this case later. If j8 does 
not lie on the quadric, ^ ~ 0, and the point of intersection x 
coincides with a. In this case the line ajS cuts the quadric in 
two coincident points at a and is said to be a tangent to the 
quadric ; if a is fixed and j8 variable the locus of j8 consists of 
all points on all the tangents through a, this is the tangent 
hyperplane at a ; if jS is fixed and a variable the locus of a con- 
sists of all the points of contact of tangents through jS. In the 
former case, when a and /3 are conjugate and both lie on the 
quadric, every point on the line ajS also lies on the quadric. 

19, Correlations. The correspondence between a point and 
its polar hyperplane with regard to a quadric variety is a special 
case of the general ( i , i ) correspondence or correlation between 
points and hyperplanes ; such a correlation is possible since the 
point and the hyperplane have the same number of degrees of 
freedom. The assemblage of all points, and the assemblage of 
all hyperplanes, are manifolds of the same dimensions. If the 
(i, i) correspondence is determined by the equations 

n 

if ~ ^rr^« = 0, I, . . ., «) (19 0 

0 

where Xg are the homogeneous co-ordinates of the point, and 
the coefficients in the equation of the hyperplane, or the 
homogeneous co-ordinates of the hyperplane (we do not 
assume here that a^g = <2,^), the assemblage of points which 
lie on the corresponding hyperplane is represented by the 
equation Ex^i^ = 0, i.e. 

EEa^gX^g == 0, 


a quadric-locus F, 


(19-2) 



V. 20] ANALYTICAL GEOMETRY; PROJECTIVE 6i 


If the equations (i) are solved for x we get 

(^ = 0, I, . . n) . (19-3) 

where is the cofactor of in the determinant ] I = D- 
It is assumed that this determinant does not vanish, so that 


= D, and 


gAtg = 0 for r #= /. 


0 


s-0 


If D = 0 the hyperplanes = 0 have at least one point 

common to all, and every hyperplane in the S-space which cor- 
responds to a point in the S'-space passes through this fixed 
point. The correlation is then said to be singular. We ex- 
clude this case for the present. 

From equation (19*3) we obtain similarly the assemblage of 
hyperplanes which pass through the corresponding point, viz. 

= 0, . . . (19*4) 


a quadric-envelope (P. F and 0 are in general different figures. 
If ;r is a point of F the corresponding hyperplane is which is 
a tangent hyperplane to but not in general to F. To the 
point X in the space S' corresponds a hyperplane. The point 
X is represented in the space S' by the equation 

sx'x, = 0 , 

i.e. = 0. . . (19-5) 

But this is the hyperplane whose co-ordinates are 

or I, = ■ ■ (i9’6) 


20. Polar System, Null System. If the points x and x 
which correspond to the same hyperplane (in S' and S re- 
spectively) are the same, we see from (i9‘i) and (19*6) that 
the equations 

must be identical, therefore 


art ” P^if 

Interchanging r and s, we have 

a^r == P^rv 
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Hence 

p* = I and p =» ± I. 

Ifp- + I we have then the conditions 

The correlation is symmetrical and is a polar system with 
respect to the quadric 

== 0 . 

In this case the quadrics F and 0 are the same figure, as locus 
and envelope respectively. 
ifp=. - I we have 

O^sfj O^rr ~ 

In this case the quadrics F and 0 do not exist, since their 
coefficients all vanish identically. This is called a null system. 
Every point lies on its corresponding hyperplane and vice versa. 
A non-singular null system cannot, however, exist in space of 
even dimensions, for in that case the determinant D, being a 
skew symmetric determinant of odd order, vanishes identically. 

21. Canonical Equation of a Quadric. In the polar 
system, if the simplex of reference is chosen so that each vertex 
is the pole of the opposite hyperplane, the equations of the 
polarity (i9'l) become 

Cr = 

and the equation of the quadric (19*2) is 

= 0 . 

This is called its canonical equation, referred to a self-conjugate 
simplex. 

22 . The Real Lines, Planes, etc., which lie on a Quadric. 

If the two distinct points a and jS are conjugate with regard to 
the quadric and if both of them lie on the quadric we have seen 
that every point on their join also lies on the quadric. We 
have then a line ajS lying entirely on the quadric. If y is a 
third point also lying on the quadric, conjugate to both a and 
P, but not lying on the line <xfi, it follows that every point ,ot 
the plane ajSy will He entirely on the quadric, and so on. 
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Consider the quadric whose equation is 

+ . . . + - a^l - ... - a^l = 0 , 

where the a's are all positive, i.e. there are k positive terms 
and n - k i negative terms. We assume that if 

this is not so we may change the signs all through and then 
• • •» become the positive coefficients. The edge 
of the fundamental simplex, which has the equations 

= 0, . . x^^y = 0, Xj^^y = 0, . . x^ = 0 

cuts the quadric in two real points P^, say, determined by 
a^l - = 0. Similarly A^A;fc ^ 1, AgA* ^ „ . . ., At_iA,fc_i 

cut the quadric in the pairs of points 

Pr Qii P2>Q2; • • •; 

Now Pq and are conjugate to all points lying on the hyper- 
plane AjAj . . . Ajfc _ lAjfc ^ I . . . A,j, and therefore to all the 
other points P,., Q,., and similarly any two of the 2k points, 
with different suffixes, are conjugate. Purther, any k of them 
whose suffixes are all different are independent, i.e. do not lie 
in the same {k - 2)-flat ; the {k - 2)-flat determined by 

Po* • • •> P* - 1 

e.g. does not cut the edge Hence the k points 

Pq, Pp • • •) P*-i are independent and conjugate in pairs, 
and hence the {k - i)-flat determined by them lies entirely in 
the quadric. Now no real flat of higher dimensions can lie 
entirely in the quadric, for it would cut in at least one point 
every {n - ky^t, e.g. the flat . . . A^; but the 

section of the quadric by this flat is 

+ . . . + = 0 

which contains no real points. 

Hence if the canonical equation of the quadric contains k 
terms of one sign and k terms of opposite sign {k + k' being =* 
« + i), and if k\ the quadric contains real fiats of dimension 
k - i and no higher dimension. 

23. If the equation ZSa^gX^^ == 0 is transformed by any 
linear equations with real coefficients into SIla\^\x\ = 0, and it 
the canonical forms of the equations are 

- 0. = 0 
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then the two expressions on the left-hand sides have the same 
number of positive coefficients. This is known as Sylvester’s 
Law of Inertia. 

24. Specialised Quadrics. When the equation of the 
quadric is reduced to its canonical form 

= 0 

the nature of the quadric projectively, i.e. apart from metrical 
properties, depends only on the signs of the coefficients a^. If 
the coefficients are all of the same sign the quadric contains no 
real points and is said to be virtual We have so far dis- 
regarded the cases in which one or more of the coefficients are 
zero, and excluded the case in which the determinant D 
vanishes. But when the equation is in the canonical form the 
determinant D reduces to the product a^a^a^ , . . so that 
when D =* 0, one or more of the coefficients vanish. When r 
of the coefficients vanish the quadric is said to be specialised 
r times. The condition for this is that the matrix or deter- 
minant D is of rank n - + i. 

If one of the coefficients, a^y vanishes, the polar hyperplane 
of the point y is 

aifiXi + + ... + = 0 

and this always passes through the point Aq — (i, 0, . . ., 0); 
and the polar hyperplane of Aq is quite indeterminate. Any 
line through Aq, 

PXq = tXQ + I, 

px^ = tXf, (r = I, . . ., n) 

cuts the quadric where 

n 

= 0. 

r — 1 

This equation is satisfied for all values of t if x lies on the 
quadric, but gives equal roots = 0 for other lines. Hence Aq 
is a double-point on the quadric. The quadric is a hypercone 
with vertex Aq and can be generated by a line which passes 
always through Aq. Similarly if two coefficients vanish, Uq and 
ai, the polar hyperplanes of all points contain the line A^A^ 
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while the polars of points on this line are indeterminate. A^Aj 
is a double-line^ and the quadric can be generated by planes 
which pass through AqAi. In this case the quadric is said to 
be specialised twice and is called a hypercone of the second 
species ; AqA^ is called the vertex-edge. And in general when 
r coefficients vanish the quadric is specialised r times and is a 
hypercone of species r with an (^ - i )-flat as vertex-edge. 

25. Hypercones. A hypercone can be defined more 
generally as follows. If V is a variety of - 2 dimensions, 
and O a point not lying in its hyperplane, the ruled hyper- 
surface generated by straight lines joining O to the points of V 
is a hypercone of - i dimensions. V is the base and O the 
vertex. Any section of the hypercone by a hyperplane not 
passing through O is a variety of the same order as V and may 
equally serve as base. We may call it more properly director. 
A section by a hyperplane passing through O is a hypercone of 
n - 2 dimensions. 

To find the equation of a hypercone with vertex at 
Aq^(i, 0 , . . ., 0) and base a variety 

where and denote homogeneous polynomials of degree r 

Let y be any point on the base. Then the freedom- 
equations of a line joining Aq to^ are 

^ (v == I, . . n) 

px,, = t. 

Tiien tp, -I- iSi = 0, 

4- + r - "uji + . . . = 0, 

where ^0, jSj, Vq, . . . are the same functions of y as 
ao, ai, «o> . are of jr. Eliminating t we get 

^>0 - - • ■ . = 0. 

This equation is homogeneous in (x^, . . :r„). 

If the base V is itself a hypercone of « - 2 dimensions with 
vertex Ao the hypercone generated by taking a vertex Aj is 
called a hypercone of the second species. Every section of this 
5 
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cone by a hyperplane not passing through both Aq and is a 
hypercone and could equally well be taken as base, and then 
any point on the line AqA^ as vertex. The vertices Aq and A^ 
are therefore not specialised in any way, but are any two points 
on a certain fixed line, the vertex-edge. If V' is an {n ~ 3)- 
dimensional section of the base V, not passing through the 
vertex, the hypercone with edge AqAi can be generated by the 
planes which pass through the line AqAj and points of V'. A 
hypercone of the second species is thus determined by a straight 
line as vertex-edge and a variety of - 3 dimensions as 
director. Any section not containing the vertex-edge cuts the 
hypercone of the second species in a hypercone of the first 
species, and any section containing the vertex-edge cuts it in a 
hypercone of the second species. 

Generally, a hypercone oi n - 1 dimensions and of species 
k is generated by the /^-flats which pass through a given 
{k - i)-flat, the vertex-edge, and points of a given variety 
Vn - X; - 1. Any section by a hyperplane which cuts the vertex- 
edge in a /-flat is a hypercone of species / + i. 

For a hypercone of species k in Sn, with vertex-edge a 
{k - i)-flatwhose equations are = 0, = 0, . . 

and director a variety Vn ^ - 1 whose equations are = 0, 
«2 == 0, . . ^ifc 4. 1 == 0, eliminating the k co-ordinates ;r„ _ * + 1, 

, . .j Xn between the k + 1 equations ^ 0 we get the 
equation of the hypercone, which is homogeneous in XqjXi^ • • 

— k* 

26. Polar Spaces. Since the relation between conjugate 
points is symmetrical it follows that if the polar hyperplane of 
a point P passes through Q, then the polar hyperplane of Q 
will pass through P. The polars of P and Q intersect in an 
S„ _ a» polar of any point on S„ _ a passes through both 

P and Q and therefore contains the line PQ — S^, and the 
polars of all points on contain S„ _ a i Sj and S„ _ , called 
polars with regard to the quadric. More generally, the polars 
of all points on an pass through an S„ _ ^ ^ and vice versa ; 
Sp and are called polars with regard to the quadric. 

Every point of Sp is conjugate to every point of its polar 
Sp cuts the quadric in a and the tangent 

hyperplanes to Vp_i at the points of section all pass through 
the polar S,».p^i. . 
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27. Tangent Spaces. An and its polar in 

general have no point in common. If they intersect and have 
in common an S^, the points of are all self-conjugate and 
therefore lies entirely in the quadric ; these points are also 
conjugate to all points of and and therefore the 

section of the quadric by (or V^_p_a by 

is a hypercone having as vertex-edge. In particular the 
tangent hyperplane at any point P, which is the polar of the 
point P, cuts the quadric in a hypercone of the first species 
with P as vertex (it may of course be virtual with P as its 
only real point). When and its polar have an 

in common, is said to be a tangent to the quadric in S, 
or in any linear space which is contained in S^. This includes 
the case of a point being tangent to a quadric when it lies on 
the quadric. An can only touch in a point (unless the 

quadric is specialised as a hypercone), an can touch In a 

point or a line, and so on. 

If Sp lies entirely in the quadric, each of its points is 
conjugate to all the points of any linear space which touches the 
quadric in or in a linear space containing S^. Hence the 
polar Sn - p ~ 1 of Sp contains not only Sp but also every linear 
space containing Sp and lying in the quadric. 

28. Conditions for a Hypercone. If the quadric 

= 0 . . . (29*1) 

is specialised k times, so that it is a hypercone of species /fe, 
with a double [k - i )-flat S* _ j as vertex, the polar hyperplane 
of every point contains Sk - r Taking the polars of Aq, A^, . . 
A„, it follows that the n + 1 hyperplanes 

Ear^r =0 (.r = 0 , I, . . ., ;^) . (29*2) 

all pass through the same S* - r The condition for this is that 
tlie matrix 1| Unn II should be of rank « - /fe + i. Then any 
^ ^ I of the equations (29*2) determine the vertex-edge. 

29. Degenerate Quadrics. In a plane S^ there are no 
proper cones. Considering cones of the second order only, a 
cone of the first species in Sg degenerates to two lines through 
a point. In S3 a cone of the second species degenerates to two 
planes through a line. In Sn a hypercone of species « - i 
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degenerates to two {n - i)-flats through an (n - 2)-flat; a 
hypercone of species n would have an {n - i)-flat as vertex or 
double-space, and must therefore be considered as degenerating 
to this {n - i)-flat counted twice. 

In if an «-flat S„ cuts its polar S„ _ ^ with regard to a 
given Vjn-i i^ an S^^,, S„ touches at the S„_, and 

meets the quadric in a hypercone ^ of species n - i which 
therefore consists of two {n - i)-flats ; if S„ contains its polar 
S^ _ 1 , it touches the quadric in this S^ _ ^ and meets the quadric 
in this S„_i twice. 

In Sj^ + i if an S^^^i contains its polar with regard to 
a given V^n it touches the quadric in this S„ _ and the section 
consists of two ;^-flats ; if an cuts its polar in an it 

touches the quadric in this and the section is this 
counted twice ; if an coincides with its polar it lies 
entirely in the quadric. 

30. Linear Spaces on a Quadric. We shall consider now 
in more detail, and apart from the question of reality, the lines, 
planes, etc., lying on a quadric. Take any point on the 
quadric, and let j be its polar ; this therefore cuts the 
quadric in a hypercone having as a double-point. 

On this hypercone take a point distinct from C^, then the 
line CqCj lies on the quadric ; and the polar {n - 2)-flat of 
CqCjl is a hypercone of the second species having 

as vertex-edge. On this hypercone take a third point Cg, not 
on CqCj, then the plane lies on the quadric, and is the 

vertex-edge for the hypercone of the third species in 

which the polar {n - 3)-flat of C^CjCg cuts the quadric, and so 
on. 

We have now to distinguish according as n is odd or even. 

If n is even, = 2 /, when we have obtained in this way/ 
points Co, Cj, . . ., Cp the (/ ~ i)-flat determined by them 
lies in the quadric, and its polar /-flat cuts the quadric in a 
hypercone having this (/ - i )-flat as vertex-edge ; this i' a 
degenerate hypercone consisting of the (/ - i)-flat counted 
twice. This terminates the process. At any stage of course 
the hypercone may have no real elements except its vertex edge, 
and as regards real elements the process may thus terminate 
earlier. 
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If n is odd, = 2/ + I, when we have obtained p points Co, 
Cl, . . we again have a (/ - i)-flat on the quadric, 

and its polar is a (/ + i )-flat which cuts the quadric in a hyper- 
cone having the (/ - i)-flat as vertex-edge; this hypercone 
therefore degenerates to two /-flats through the vertex-edge, and 
the process then terminates. 

Hence in S„ contains linear spaces of one^ izvo, . . . 

up to \n - \ or \{n - i) dimensions^ according as n is even or 
odd ; or we may say, since the quadric is of ~ i dimensions, 
the dimensions of a linear space co 7 itained in a quadric are 
equal to or less than half the dimensions of the quadric. 

3I« To find the number of degrees of freedom of a /-flat in 
a _ 1- The first point C^ has n - 1 degrees of freedom ; the 
second Cj has n - 2 ] the third - 3, and so on. Hence the 
p + I points Co, Cl, . . ., Cp have 

V + 1 

- r) = «(/ + 1) - + 1)(/ + 2). 

r «= 1 

But each point has / degrees of freedom in the /-flat, hence 
the /-flat has 

n{p+i) - i(/+i)(/ + 2) -/(/+i) = i(/+i)(2;/-3/-2) 
degrees of freedom in the 

To find the number of degrees of freedom of a /-flat passing 
through a ^-flat in the _ i- The first q+i points Cq, C^, . . C^ 
are fixed, and the remaining points have 
vf-x 

^ {n - r) = n{J> - q) - ^{p - q){p + <? + 3) 

f = j + a 

degrees of freedom, but each of the last p - q points has / 
degrees of freedom in the /-flat, hence the /-flat has 

+ + - p{p-q) = iiP - q)(2n - 2P - q - 3) 

degrees of freedom. 

If n = 2/, the number of degrees of freedom of a (/ - i)- 
flat, the space of highest dimensions, is J/(/ + i) = ^n(n + 2), 
and there is a single infinity of (/ - i)-flats through every 
(/ - 2)-flat. 

Jf n 2 p + I, the number of degrees of freedom of a /-flat, 
the . pace of highest dimensions, is again i/(/ + i) = - i), 

and there are two /-flats through every (/ - i)-fiat. 
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32. In Ss there are two singly infinite systems of lines on a 
quadric, two through every point, and every line of the one 
system cuts every line of the other system, but no two lines of 
the same system intersect. 

In S4 a quadric contains a triple infinity of lines, and through 
every point P a single infinity of lines forming a cone with vertex 
P in the tangent hyperplane at P. The lines through any point 
therefore form one continuous series and are not separated into 
two groups. Any other line of the quadric cuts the tangent 
hyperplane at P in a point Q which also lies on the quadric 
and therefore cuts one of the lines which pass through P. 
Every point of a line on the quadric is the vertex of a cone 
and therefore every line cuts 00 ^ other lines. 

The study of the lines, etc., on a quadric is assisted by the 
process of stereographic projection. If a quadric in S3 is pro- 
jected from any point O on the surface on to a plane tt not 
passing through O, the two generators through O are projected 
into points A, B, and the whole tangent plane at P into the line 
AB. Any plane section of the quadric is projected into a conic 
passing through A and B, and any generating line is projected 
into a line which passes through either A or B. Thus the 
separation of the generating lines into two systems is made clear. 

Taking a 1 and projecting it from a point O on the 
quadric on to a hyperplane tt, the tangent hyperplane t at O 
is projected into the which it cuts tt, and all the lines 

through O, which form a hypercone V^_a, are projected into 
a quadric V^_3 in ; the lines, planes, 3-flats, . . . through 
O are projected into points, lines, planes, . . . of V^_3. If 
Sp is a /-flat of _ j, not passing through O, it cuts r in an 
Sp_i which also lies in V^_i. Sp is projected into S' in tt, 
and Sp_i into which lies in ; also Sp passes through 

Sp_i. Hence the /-flats in tt which correspond to /-flats of 
Vn-i pass through (/ - i)-flats of V^_8. 

The can then be stereographically projected, and its 

planes, 3-flats, etc., become the lines, planes, etc., of a .. 
and so on. If n is odd, = 2/ + i, we get finally in this way 
a Vo, i.e. a pair of points, and from this we conclude that the 
lines of the V| form two separate systems, then the planes of 
V4 and so on up to the /-flats of If n is even, = 2/, wc 



V. 33 ] analytical GEOMETRY : PROJECTIVE 71 

get finally a Vf or conic in which the points form one continu- 
ous series, and hence the {p - i)-flats of 

Hence in ^ ^ the spaces of maximum dimensions p on a 
quadric form two separate sys terns ^ in the spaces of max- 
imum dimensions p - \ form a single continuous sy stern. 

33. A distinction has further to be made in the case where 
n is odd, « 2/ + I, according as / is odd or even. 

In S3 a V| has two separate systems of lines, and every 
line of the one system cuts every line of the other system, but 
no two lines of the same system intersect. 

Consider a V4 in and let O be any point on the quadric. 
Project from 0 on to a hyperplane tt. The tangent hyper- 
plane T at O cuts TT in a 3-flat and meets the quadric in a 
hypercone V3 with vertex O. The lines and planes of V| 
which pass through O cut tt in the points and lines of a V|. 
As the lines of V\ form two separate systems so also do the 
planes of V4 through O ; two planes of the same system have 
only the point O in common ; two planes of different systems, 
through intersecting lines of Vl, intersect in a line of V4. 

Let a be any plane of V4, not passing through O. a cuts 
T in a line I which is projected into a line t of V|, and a is 
projected into a plane a in tt, which passes through /'. Hence 
the planes of tt which correspond to planes of V4 are those 
which pass through lines of V2. 

Let a, jS be two planes of V4 of the same system. If they 
have one point in common we can take this point as O, and 
then we have proved that O is their only common point. 
Suppose, if possible, that they have no point in common. 
The corresponding planes a , in tt cut in non-intersect- 
ing lines /, m , and have in general just one point C in 
common. As C' is not on V| it corresponds to just one point 
C on V4 and this point is common to a and j 3 . Hence a, jS, 
two planes of V| of the same system, have one and only one 
point in common. 

Second, let a, j 3 be two planes of V| of different systems. 
If they have one point in common, taking this as O we have 
seen that they have a line in common. We suppose then that 
a and j8 have no point in common so that / and m do not 
intersect. The corresponding planes a, j8' in tt cut V\ in 
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intersecting lines and have therefore the point of intersection 
C in common. Since / and m do not intersect, the line OC', 
which is a line of V4, cuts / and m in different points, and 
therefore C does not correspond to a point of intersection of 
a and j 3 , and therefore a, jS have no point in common. 
Hence two planes of V4 of the same system either intersect 
in a line or have no point in common. 

We may proceed by induction from to ^ 2, assuming 
the results for which is the quadric in which the lines of 
Vgp ^ 2 through a given point O cut the hyperplane tt, and the 
general result may be stated as follows : 

A Yfp in S^p 4. 1 has two different systems of p-flats. If p 
is even^ two p-flats of the same system can intersect only in a 
Space of odd dimensions ( - i equivalent to no common point, 
I equivalent to a line in common, and so on), and two p-flats 
of different systems can intersect only in a space of even 
dimensions (point, plane, etc.). If p is odd, the reverse is 
the case, 
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CHAPTER VI 


ANALYTICAL GEOMETRY: METRICAL 

I. Metrical Co-ordinates referred to a Fundamental 
Simplex. The system of projective co-ordinates referred to a 
fundamental simplex AqAi . . . A,^ can be made metrical 
in a general way as follows. With the previous notation, 
U =(l, I, . . l) is the unit point, P ;r„) an 

arbitrary point, and UP cuts the hyperplane opposite Ay in 
Ly. It was proved (Chap. V, § lo) that the cross-ratio 

(LoLy,UP)=Xy = Xrixo. 

Let the distances of U and P from the fundamental hyper- 
planes be Ur and pr respectively. Then with the metrical 
definition of cross-ratio 

LqI / LyP pr 

Hence 

Xr == XprjUrf 

where A is constant. The co-ordinates Xr are therefore certain 
fixed multiples of the dis- 
tances of P from the funda- 
mental hyperplanes. 

Ex. Ai, A2, An are 

n given points in Sn ; these are 
divided in all possible ways into 
two groups of p and q {p ■¥ q 
= «), which determine with two 
other fixed points, Aq and U 
respectively, an and an 
which intersect in a point T. Prove that the „Cp points T all 
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lie in one hyperplane t ; and that if the hyperplanes (Aj, 

. . . An) and r cut the line A^U in points N and M respectively 
the cross-ratio (AoU, MN) = - p/q. (S. Kantor, ‘‘Torino 
Atti Acc.,” 36 (1901), p. 916.) 

[Taking Aq, A^, . . An as fundamental simplex and 
U as the unit-point the equation of the hyperplane r is 
- ;r2 - . . . - = 0.] 

2. The distances are not independent. If P is joined to 
the vertices Af the whole simplex C is divided into « + I 
simplexes S(« +1). If Q is the content of the simplex S(«) 
in the fundamental hyperplane opposite A^, the content of the 

simplex S(« + 1) with base Q and vertex P is -- 

(see Chap. VIII, § 4). Hence 

ZQrpr - {n - I)C, 

and T ” ■“ i )C. 

3. The equation 

SCrUrXr = 0 , 

being homogeneous and linear, represents a certain hyperplane. 
But this hyperplane does not contain any finite point. The 
equation is satisfied by 00”*“^ sets of finite values of Xry but 
these do not correspond to finite values of p^ since A must here 
be zero. It therefore represents the hyperplane at infinity. 

4. Special systems of co-ordinates corresponding to trilinear 
or areal co-ordinates can be defined, corresponding to a special 
choice of the point U : viz. for the system corresponding to 
trilinear co-ordinates we take U equidistant from the funda- 
mental hyperplanes, so that is constant and — Xpr ; the 
co-ordinates of a point are proportional to its distances from 
the fundamental hyperplanes, and the equation of the hyper- 
plane at infinity is £CfXr = 0 . For the system corresponding 
to areal co-ordinates we take U such that the lines joining U 
to the vertices divide the fundamental simplex into simplexes 
of equal content ; then Cr«r is constant and x,. = XCrpr I the 
co-ordinates of a point are proportional to the contents of the 
simplexes into which the fundamental simplex is divided, and 
the equation of the hyperplane at infinity is Ux^ == 0 . The 
latter is the simplest symmetrical system of metrical co- 
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ordinates, and would be useful in investigating analytically the 
properties of a simplex. 

5. Cartesian Co-ordinates. For metrical geometry, how- 

ever, the simplest system of metrical co-ordinates is defined by 
taking the hyperplane at infinity as one of the fundamental 
hyperplanes, say = 0 . We shall then denote the opposite 
vertex by O and call it the origin. The fundamental lines 
through O, OAy, are called the co-ordinate-axes, and the 
fundamental hyperplanes through O the co-ordinate hyper- 
planes ; in each hyperplane there are n - \ axes. As unit 
point we take a point whose distance from each co-ordinate 
hyperplane measured along a line parallel to the opposite axis 
is unity. The co-ordinates , ,;ir„) of any point are 

then proportional to its distances from each hyperplane 
measured along a line parallel to the opposite axis, or, what 
comes to the same thing, the distance cut off on each axis by 
a hyperplane parallel to the opposite co-ordinate hyperplane. 
Then, since the ratio /o/^o becomes equal to unity, the factor 
of proportionality, A, becomes simply x^. The co-ordinates 
x^^, Xi, . . . ,Xn are then the general homogeneous cartesian 
co-ordinates^ with Xq — 0 SiS hyperplane at infinity. It is usual 
to deal with non-homogeneous cartesian co-ordinates ; these are 
defined as the ratios x^/xq^ and are therefore equal to the 
distances cut off on the axes by hyperplanes parallel to the 
co-ordinate hyperplanes. When the axes OA,. are all mutually 
orthogonal we have a rectangular cartesian system. 

We shall consider first the elementary formulae in non- 
homogeneous rectangular co-ordinates, which are immediate 
extensions of those in ordinary geometry. 

6. Length of the Radius- vector OP. Let PN be the 

perpendicular from P on the {n - l)-flat OAj . . . A,^ _ 
The co-ordinates of N are > 0 )* Assuming 

the formula 

ON^ = .^1 + .r| + . . .+ xl^ I 

to be true (or n - i dimensions, we have, by the theorem of 
Pythagoras, 

^ OP' = ON' + NP' = .r? -f . . . + xl_, + xl (61) 
Hence by induction this formula is true generally. 
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The distance, between two points P = (x) and Q = (j/) 
is given similarly by 

cf - . . . (6-2) 

7. Angles. The angles A^OP, = are called the direc- 
tion-angles of OP, and their cosines are called direction-cosines. 
If OP = p, we have 

Xy ^ p cos 

and p^ == ^ p^E cos^ 6^. 

Hence E cos^ Or i . . . (7*1) 

Since the projection of OP on any line is equal to the sum 
of the projections of OAi , OAg, . . we get, projecting on OP, 

p = EXr cos Or. 


I.et OP' be any other line and P' ^ (x) ; let the direction- 
angles of OP' be 0', and the angle POP' = Then, pro- 
jecting OP' on OP, we get 

OP' cos (f) = EXf cos 0Y 

== Z’OP' cos O'j. cos 0^, 

Hence cos <^ = Z* cos 0^ cos 0' . . (7*2) 

If Iry ff are the direction-cosines of the two lines, 

cos = z/,/;, z/2 == I = z/;2. 

Since 



• 4 ^ 

= Z/f 

zu 

= I - WrY 

44., 

, . i'„ 

Z/X 

zc^ 



we have 

sin^ ^ = Z{lA - v;)i 

i\. . . i: 

Two lines I and /' are orthogonal when 

= 0. 

and parallel when 

/, = 4 (^ = I, 2, . . n). . 


If /j, .. .y In are numbers proportional to the direction- 
cosines, the actual values of the direction-cosines are found 
by dividing these by (Z/J)*, and we have 



(7-3) 
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The orientation of an {n ~ l)-flat is determined by the 
direction of a normal, and the direction-angles of the {n - i)- 
flat are those of the normal. The above formulae then give 
also the angle between two (n - i)-flats. 

8. Equation of an (n - i)-flat. Any equation of the 
first degree represents an {n - i)-flat. We shall obtain the 
equation in the canonical form. Through O there is a unique 
normal ON to the (n - i)-flat, and if P is any point in the 
{n - l)-flat, NP 1 ON. Let ON = and the direction- 
cosines of ON be (/). Let P = {x). Then projecting on OP^, 

ElrXr ^ p .... (8*1) 

To find the perpendicular distance from a point x to the 
hyperplane take x' as origin, writing x ~ x -k- then the 
equation of the hyperplane becomes 

Slrix'r +fr)==P = P ~ 

The perpendicular from the new origin is the distance f which 
we require, hence 

. . . ( 8 - 2 ) 

9. A straight line is determined hy - 1 (n - i)-flats and 
is represented by « - i linear equations. It is more con- 
veniently represented, however, by parametric equations. Let 
^ be a fixed point on the line, and let I be its direction-cosines. 
Then x being an arbitrary point on the line and p the distance 
between the two points, we have 

+ pit (r - I, 2, ...,«) . . (9*1) 

Using homogeneous co-ordinates the equations 

Xr ^ byv (r = 0, i, . . . (9*2) 

are homogeneous parametric equations of the line through the 
points {a) and {by 

The point at infinity on the line is determined by 

jTq == 0 = a^)U + b^v. 

The values of the parameter v/u for the four points a, b, x^ F^ 
are 0, 00, v/u, - aQjb^, Hence if ^0 = i = so that ar and br 
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are equal to the non-homogeneous co-ordinates of the points a 
and then the cross-ratio 

{ab,x-2^) = = (0, CO ; v\u, " 0 = - 

Hence v\u is equal to the ratio {ax)l{xb\ in which x divides the 
segment ab. The non-homogeneous co-ordinates of the point 
X are then 

jr + brV 


These are Joachimsthafs formulae for the co-ordinates of a 
point dividing the join of two points a, b in the ratio vlu. 

The equations x^ — p4 written in homogeneous co- 
ordinates with homogeneous parameters u, v such that v\u = p, 
and with ^Tq = i, become 

(Xr == CrU 4- IrV (^ = I, 2, . . U) 

\xq - u. 

For = 0 we get the point Cy for ^ = 0 we get the point at 
infinity on the line with homogeneous co-ordinates (0, /i, /g, 

. . 4). 

10. The Hypersphere. The locus of a point in which 
is at a constant distance p from a fixed point C is called a 
hypersphere of n - \ dimensions. If the centre C — 
the equation of the hypersphere is 

E{Xr - Crf = . . . (lO l) 

This is an equation of the second degree in which the coefficients 
of the square terms x^ are all unity, and the coefficients of the 
product terms x^^ all zero. Conversely, the equation 

aZx^ + 2 Sa^^ + r = 0 . . (10*2) 

can be written in the form 

Z(x, + ajdf = - cjay 

and represents a hypersphere with centre ( - aja) and radius 
{Za^jd^ - cja)^. The homogeneous co-ordinates of the centre 
are {-ay a^^y a^y . . ., a^) so that i( a = 0 the centre is a 
point at infinity, and the radius is infinite. In this case, writ- 
ing the equation (io*2) in terms of homogeneous co-ordinates 

aZx^ + 2Sa^yX^ + cx^ = 0 
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it reduces to 

x^{2Sa^^ + = 0 

and represents a finite hyperplane = 0 and the 

hyperplane at infinity = 0. 

When a 4= 0 we may without loss of generality give it the 
value unity. Then = Ea^ - c. If this is positive the 
radius is real ; if it is negative the radius is imaginary and the 
hypersphere is said to be virtual ; if it is zero the hypersphere 
is called a poinUhypersphere, In the last case the equation is 
homogeneous in + a^) and represents a hypercone of the 
first species with vertex ( - 

A /-flat in S„ cuts a hypersphere of « - I dimensions in a 
hypersphere of / - I dimensions with real, imaginary, or zero 
radius. 

II. Every hypersphere of n - \ dimensions cuts the hyper-- 
plane at infinity in the same virtual hypersphere of n - 2 dimen- 
sions. The equation of the hypersphere in homogeneous 
co-ordinates being 

n n 

r «= 1 f «= 1 

the equations of the section by the hyperplane at infinity x^^Q 
are 

n 

^ = 0, x^ = 0. 

f — I 

This is the extension to n dimensions of the circular points at 
infinity in a plane, and the circle at infinity in space, and is 
called the hypersphere at infinity. A plane cuts the hyper- 
sphere at infinity in two points, which are the circular points 
in that plane ; and a space of three dimensions cuts it in a 
circle, which is the circle at infinity for that space. All angular 
relations can be expressed as projective relations when referred 
to the hypersphere at infinity. The two lines with direction- 
cosines f and /' are orthogonal when El/^ = 0, but this is 
the condition that the points at infinity (0, . . ., /„), 

(0, 4, . . ., 4) on the lines should be conjugate with regard 
to the hypersphere at infinity. The hypersphere at infinity, 
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together with the hyperplane at infinity counted twice, form 
a degenerate quadric considered as an envelope and a locus 
respectively, and is called the Absolute, 

12, General Cartesian Co-ordinates. In the general 
system of cartesian co-ordinates the axes may make any angles 
with one another. Let 0^, be the angle between the axes 
and and write cos == 

The fundamental formula is the distance-function. In two 
dimensions we have for the square of the radius vector 

^ — OP^ — x\ x\ 


By induction we can show that in n dimensions 

p =Xi + -h X^ + + • • • + — 1, n^n - i^n 

If the line through P parallel to 0;r^ cuts the opposite 
co-ordinate hyperplane in N,., the co-ordinates of N,. are 
(xi, . . M + 11 • • M -^n)- Assuming the formula 

for to be true for « - i dimensions we have 

ON^ ^ Xi . . . + Xf^ _ 1 + + . , . + 2C^ _ 2 , n — — i* 

Now 

OP^ = ON^ + xl + 2Xn X (projection of ON„ on the axis of x^^) 

n — 1 

and the projection of ON„ = ^rn^r' 


Hence 


— ^ + • • • + ^ 2,n — t^n — 2^n — i 


4 * + • • • 4 - 2C^ _ ^X^ _ ^X^^. 

Hence the formula is true also for n dimensions. 

We can write 


22 




. ( 12 - 2 ) 


since = i when r == and Crg « r’«r- 

Similarly the square of the distance between two points (x), 

O). is 


p* = EScrlxr - yrX^, - y,) 


( 12 - 3 ) 
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When p and are constant, and variable, these equations 
represent a hypersphere of radius p and centre the origin and 
the point (j) respectively. 

The equations of the absolute, or hypersphere at infinity, are 

x^ ==* 0 , S 2jCfgXqrXg =* 0 . 

13, The direction of the line OP is determined by the 
ratios of the co-ordinates ;ri, . . iXn^ Denote Xrjp by ; 
then Ij. are called the direction-ratios of OP, so that 

= p4 . . . . (1 3*0 

The direction-ratios are connected by the identical relation 

. . (I3‘2) 

If <f> is the angle between the two lines OP, OP' with 
direction-ratios 4, then 

PP'^ = 2J2c,,{x, ~ x'rXx, - ^;) 

= OP' + OF' - 2OP , OP' cos (l>. 

But x^ = pl^ and x^ = p'/', 
hence 


p^2ScJJ, + p'^i:ZcM, 


- 2pp22cj.gij.tg = p^ + p'^ - 2pp' cos (f > ; 


therefore 

cos (f> = 22c^gi/g . . . (13*3) 


The condition that the two lines be orthogonal is 


22c JX ~ 0, 


which is the condition that the two points at infinity /' 
should be conjugate with regard to the absolute. 

As only the ratios of 4. are required, an expression for 
cos <l> in terms of these ratios is preferable. This is 


cos (f> = 




{EScJJ, . EEcM'f 


(13-4) 


If <f>r is the angle which the line (/) makes with the axis 
of x„ we have from (l3'4), putting 4 = 0, except when s = r. 

cos <f>f = 2Cf^gj(^EEcijlilj)^ . . (i3’5) 


6 
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14. Equation of a Hyperplane. Let ON (= p) be the 
normal from O to the hyperplane, and let the direction-ratios 
of ON be 4 -. and let P = (x) be any point on the hyperplane. 
Projecting the co-ordinates of P on to ON we get 

P = SXf cos <f>r — SSCfJfXrl{SSc,.JJg)i, . (l 4 'l) 

an equation of the first degree. If the equation of the hyper- 
plane is 

= k, . . . (14-2) 

the direction-ratios /,. of its normal and the length of the 
perpendicular p from the origin are given by the equations 

A = (r = I, 2, . . n) 

Denote the determinant | | by C, and the co-factor of Cr^ by 

Then 


A C,v^, - C 4 , . . (14-3) 

r =» 1 

which determines the direction-ratios 
Then 


25 CrJJr — CA — 


and C 22‘"'-<-^’22 CiU'i- 

Hence p = ■ ■ • (14-4) 

15, The angle ^ between two hyperplanes is equal to 
the angle between their normals, hence 

zzc„u: 


(14-4) 


cos (j) == 


(i:zcjj,.zzcj'r,r 


i.e. the expression for the angle between two hyperplanes is the 
same as that for two lines with instead of ; and the con- 
dition that the two hyperplanes should be orthogonal is 

= 0. 
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This is the condition that they should be conjugate with regard 
to the quadric whose tangential equation is 

lUCJf = 0. 

Now this is just the tangential equation of the absolute, or the 
condition that the hyperplane = 0 should touch the cone 

== 0 . 

16. Plticker Co-ordinates. We shall consider now in 
greater detail the analytical metrical geometry in space of four 
dimensions. 

A plane through the origin is represented by two equations 

/^1 + /^2 + = 0,\ 

+ ^^^3 + ^^4-^4 = O.J ■ ^ ^ 

These involve six constants, but a plane through a point has 
just four degrees of freedom. The same plane is determined if 
we take instead of /g, the numbers ^ + Awg, 

etc., where A is any parameter. A symmetrical set of co- 
ordinates for the plane is got by taking the six expressions 

- l^nti = pi^ {ij = I, 2, 3, 4) . (i6*2) 

where = - /j*. The ratios of these six quantities are the 

same whatever pair of hyperplanes we take to fix the same 
plane, for 

(/j + - (/j + 4- = (^ - A)(/t;;^j* - Ipn^. 

Eliminating Xs^^, x^ and x^ in succession between the two 
equations (i6*i) we get 

Al*'! + p2^i + A4-^4 =0,1 

P 2 p^\ + + /34'^4 = I ’ ' ^ 

PilPl + P4^2 + P^Z = O.J 

These represent four hyperplanes all passing through the same 
plane. Eliminating Xi and x.i from the first three equations of 
(i 6'3) by multiplying them respectively by As. Pzi, Aa and 
adding, X 3 also disappears, and we obtain the relation 

PnPii + A1A24 + A2A4 = 0 . . (i 6 ' 4 ) 

Hence by this identity the six quantities p are equivalent to 
only four independent co-ordinates. Further, any set of six 
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quantities connected by the identical relation (16 *4) uniquely 
determine a plane, for this is represented by any two of the 
equations (16*3). 

The plane can also be represented by parametric equations 
Xi = uai + vii (/ = I, 2 , 3 , 4 ). . (i6*5) 

where a and b are two points which, with the origin, determine 
the plane. For a and b can be substituted any point on the 
lines Qa and Ob respectively, so that only the ratios of the co- 
ordinates of the two points are required, hence we have again 
six constants. Again for a we may substitute any point on the 
line ab, i.e. for we may substitute + Xb^, etc., 

where A is any parameter. A symmetrical set of co-ordinates 
for the plane is got by taking the six expressions 

CL^bj — djbi = XOij {}yj ^ 2, 3) 4 ) • ( 16 * 6 ) 
and the ratios of these six quantities are the same whatever 
pair of points we take to fix the same plane through O. 

Since each of the two points lies in each of the two hyper- 
planes we have 

ElfUr =* 0 , Elrbr = 0 , == 0 , EfHfbr = 0 . 

Eliminating ^ from the first two, and from the last two, we get 

and WitUu + ^ 2^24 + ^3^34 0 y 

hence the ratios of Wsi are determined, viz. : — 


^14 * ^24 • ^34 p2Z • Pdl * Pl2* 


Similarly we can prove that 


tZTii • 11724 • ^34 • ^23 • ^31 • ^12 ” ^23 * Pzi • Pl2 • Pli * p2i ' Pzi’ 
The two sets of co-ordinates are therefore equivalent. 

17. Condition that two Planes /, / through the Origin 
should have a Line in Common. The condition is that the 
four hyperplanes /, m, m' should have a line in common, i.e. 


^2 ^8 ^4 


4 ^ 4 ^ 4 ^ 

m\ m\ 7n\ 


= 0 . 


When this is expanded it gives 

PuPz^ + p2\Pz\ + Pz\P\2> + PviP\^ PziP^i PnP^^ ^ 
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i8. Representation by Points on a Quadric in Five 
Dimensions. By making the two planes coincide, we obtain 
again the identity 

^ — /14/23 + /24/31 + pup 12 ~ 

The co-ordinates p or m are precisely the same as PlUcker’s 
co-ordinates of a line in S3. In fact the geometry of planes 
through a point in S4 is projectively the same as that of lines 
in S3. If we take pij as the homogeneous co-ordinates of a 
point in Sg, the identical relation which is of the second 
degree, represents a quadric. Thus lines in S3, and planes 
through a point in S4, can be represented by points on a certain 
quadric in Sg. If we make the real transformation 

Pu = /24 ^ ^2 + Pu =» 

Piz = - 741 Pu = 72 ~ 751 Pn == 73 - 7 «. 

(f) becomes 

A-^A+A-A-A-A-0, 

and therefore the quadric (f> in Sg contains two systems of real 
planes. (Chap, v, § 22.) 

The condition that two planes in S4 should intersect in a 
line is that their corresponding points on ^ should be conjugate, 
and hence their join lies entirely in Hence a line in <f> 
represents a singly infinite system of planes in S4 all passing 
through the same line, i.e. a pencil of planes ; hence also it 
represents a plane pencil of lines in S3. A plane in ^ similarly 
represents a doubly infinite system of lines in S3 of which every 
two intersect, i.e. either a system of lines all passing through 
the same point (bundle of lines), or a system of lines all in one 
plane (plane field of lines); and similarly it represents in S4 
either a sheaf of planes all passing through the same line, or a 
system of planes all lying in the same 3 -flat and of course 
passing through O, ke. a bundle of planes in space of three 
dimensions. These two different systems, in S3 or in S4, corre- 
spond to the two separate systems of planes in <f>. 

Two bundles of lines in S3 have just one line in common, 
that which joins the vertices ; two plane fields of lines in Sg 
have also just one line in common, the line of intersection of 
their planes ; in S4 two sheaves of planes through intersect- 
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ing lines have just one plane in common, that determined by 
their axes; and two 3-dimensional bundles of planes in S4 
through a common point have just one plane in common, the 
plane common to the two 3 -flats : — these properties corre- 
spond to the fact that two planes of (f> of the same system have 
one and only one point in common. 

Again, a bundle of lines, and a plane field of lines, in S3, 
have either a plane pencil of lines in common when the vertex 
of the bundle lies in the plane of the field, or have no line in 
common ; a sheaf of planes through a line in S4, and a bundle 
of planes in a 3 -flat of S4, whose vertex lies in the axis of 
the sheaf, have either a pencil of planes in common when the 
axis of the sheaf lies in the 3-flat of the bundle, or have no 
plane in common : these properties correspond to the fact that 
two planes of ^ of different systems have either no point in 
common or intersect in a line. 

19. All the planes in S4 through O which cut a given plane 
through O in straight lines form a 3-dimensional assemblage 
represented by the section of ^ by a tangent hyperplane ; this 
is a hypercone of the first species whose vertex (the point of 
contact) corresponds to the fixed plane. In S3 the correspond- 
ing system is the system of lines all cutting a given line. 

In S3 a system of lines corresponding to a single homo- 
geneous equation in and therefore depending on three 
parameters, is called a complex of lines ; two equations in p^ 
represent a congruence; and three equations a line-series. 
When the equations are linear we have the linear complex^ 
linear congruence^ and regulus, A linear complex is repre- 
sented by a hyperplane section of <f>, i.e. by a V| on When 
the hyperplane is tangent to <f> the complex is called a special 
linear complex. A linear congruence is represented by a Vg 
on <f>, and a linear series by a conic. Since <f> is of the second 
class as well as second degree, through any 3-flat there pass 
two tangent 4-flats. Hence the 3-flat of any Vg on (f> is the 
intersection of two tangent 4-flats, and therefore a linear con- 
gruence is in general compounded of two special linear com- 
plexes, i.e. it consists of lines which intersect two fixed lines ; 
these are called its directrices^ and they correspond to the 
points of contact of the two 4-flats. Similarly a linear series 
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consists of lines which intersect three fixed lines, and is there- 
fore a regulus or system of rectilinear generators of a quadric 
surface. ' 

20. A special type of linear congruence corresponds to 
sections of <f> by tangent 3-flats. If the 3-flat is tangent in a 
line it meets the quadric in a hypercone having this line double, 
i.e. two planes through the line. The directrices of the con- 
gruence are represented by any two points on the line, and as 
this line lies in <j> the two points are conjugate and therefore the 
directrices intersect The congruence thus consists of all lines 
which cut two intersecting lines ; if A is the point and a the 
plane common to the two directrices, the two planes of ^ which 
represent the congruence correspond to the bundle of lines 
through A and the plane field of lines in ou 

If the 3-flat is tangent in a point it meets ^ in a cone. In 
the congruence the two directrices coincide and form one line a, 
which corresponds to the vertex of the cone, and cuts every 
other line of the congruence ; the other lines form a system of 
plane pencils, a being a line of each pencil, and therefore the 
planes of the pencils all pass through a. This congruence is 
called the special linear congruence. 

21. Metrical Relations between Planes through a 
Point in S^. Metrical relations are relations referred to the 
absolute. Taking rectangular cartesian co-ordinates, the point- 
equations of the absolute are 

x\ x\ x\ x\ = 0, jrg = 0. 

If a and b are two points on a plane through O, the absolute 
polars of a and b are 

byX^ + ^ 2^2 + = 0 , 

and the intersection of these two hyperplanes is the absolute 
polar of the given plane. The Pliicker co-ordinates of the 
absolute polar of the plane p are therefore 

/23 = ^2^3 ^3^2 = ^23 === 

i.e. the absolute polar of the plane 

(Asj Pz\y Pvh / 24 > Pz^ 

(/’u* ^24’ ^34) PlZ'i /an /la)’ 
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22. Condition that two Planes should have a Line in 
Common. Let the planes be determined by the pairs of 
hyperplanes (summations being from 0 to 4) 

SlfXy == 0,1 Ij/'fXf 0,1 

== 0,/ =0./ 

Then it must be possible to determine A and A' so that 

Z/^^ 4- XZm.jj;^ = 0, 
and Z/'fXj. 4- XZm\x^ == 0 

should coincide. Therefore 

/ q 4- ^ ^ 4- \m^ ^ ^ 

/q + l\ 4- Xm\ ’ 

i.e. 4 + “■ =0 (;- = 0, . . 4). 

Eliminating A, k, kX we have 

/o • • • ^4 =0, 

^0 ^1 • • • ^4 

Wo m\ . . . m\ 4 

i.e. this matrix is of rank 3. This is equivalent to 2 conditions. 

23. Conditions for Parallelism. Two planes are com- 
pletely parallel when they intersect the hyperplane at infinity in 
the same line, hence the 5 hyperplanes 

Zl^^ = 0 , Zm^f = 0 , Zl[Xf = 0 , Zm\x^ = 0 , = 0 

have a line in common. The condition for this is that the 
matrix 

/, /,.../,- 

nt^ ... 

^0 ^1 ... ^4 
Wq m\ . . , m\ 

I 0 ... 0 _ 

should be of rank 3, and therefore the matrix 

K 4 4 41 

W- w. 

4^ 4, 4, 4, 

m\ W2 W8 W4_^ 

should be of rank 2. This is equivalent to 4 conditions. 
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24. Two planes are half-parallel when they intersect in one 
point at infinity and have no finite point in common. The 
condition for this is that 


A 

I'l 




K 

»4 


4 4 
4 4 


/ / 


W3 


= 0, 


i.e. that the matrix should be of rank 3 (one condition). 

In terms of the Plucker co-ordinates this is equivalent to 

P%\P%^ PviPz^ "I* P\\P^% 'I' Pi^Pzi Pyfvi ^ 

which expresses that the lines at infinity on the two planes 
intersect. If the planes both pass through O this is the con- 
dition that the planes should intersect in a line. 

25. Conditions for Orthogonality. Two planes are com- 
pletely orthogonal when the line at infinity on each coincides 
with the absolute polar of the line at infinity on the other. In 
terms of the Plucker co-ordinates this is expressed by the 
equations 

-^23 ^ Pyi ^ A 2 _ A 4 _ PjA _ A 4 
/l4 ^24 /34 As /si /12 


This is equivalent to 4 conditions, for if five of these ratios are 
equated the equality of the sixth follows from the identical 
relation between the co-ordinates. 

26. Two planes are half-orthogonal when the line at infinity 
on each intersects the absolute polar of the line at infinity on 
the other. The condition for this is 

P^P^z + PziP* 2 ,\ + PizPi 2 + A4/14 + PziP 24 . + A4/34 = 0 

(one condition). 

Ex. Show that the two planes 

== 0,] and 4- = 0,] 

x^ = 0,J x^ + ^‘^3-^3 ^^4-^4 ~ 0 / 

are both half-parallel and half-orthogonal. 

27. Consider two planes p and p' through O, and let q and 
q be their absolute polars. Then there are two planes through 
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O which cut these four planes in straight lines. If these planes 
are u^v have, to determine u or Vy the equations 



Ai ^'24 


+ /l4«23 

Pl^ZX 


= 0, 

A3^14 

+ . . . 





= 0, 

/l4^^14 

+ A4"24 

+ A4«*4 

+ /23^^23 

Pz^^zx 

+ /l2«12 

= 0, 

/l4^14 

+ . . . 





= 0, 

and also 










These five equations, of which four are linear and one quadratic, 
determine two sets of values of the ratios Uij. 

If the two planes are isocline, they have an infinity ol 
common perpendicular planes. The condition for this is that 
the matrix 

>23 Al /t2 /l4 ^24 ^34^ 

P 23 /3I /l2 /l4 /24 ^34 

/l4 >34 ^23 PvL 

>14 /24 /34 P%Z Pz\ /l2- 

should be of rank 3. This is equivalent to two single conditions. 

Ex. Show that the plane (^, by c\ by c*') is isocline to the 
plane = 0 = x^y and prove that if ^ is the angle between 
them, tan^ ^ = - c\c. 

28 . When the Plucker co-ordinates are given, the co- 
efficients in the equations of the two hyperplanes which deter- 
mine the plane still admit of a variety of values. If p^.^ 0 we 
may take /i==0, 4=l, ^ 1 = 1 , ^2 = 0, then / 4 - - p^^y 

^3“A3» ^^^4~A4* 

The problem to calculate the angles between two planes can 
be illustrated with a numerical example. 


Let the given planes be 


.fxi + 7Xi +^3 = 0, 

P\ X, = 0, 

and let q, q' be their absolute polars. 

Then the Plucker co-ordinates are 
23 3* 12 

P o o o 

P' 1 - I o 

q 1 7 I 

q' I 10 


,r;ri + ^3=0, 
P 1^3 +^ 4 = 0 , 


14 24 34 

I 7 I 

I I o 

000 

1 - I o 
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Let ui j be the co-ordinates of a plane cutting these four planes in lines. 
Then 

«14 + 7^24 + «84 = 0 
^28 “ ^31 + *^14 + *^24 ~ 

^^23 + + </i3 = 0 

Wgj + U^I + Un — — 0 

Hence Uu = - == - 7«3i) ^^12 = - ^^23 - 7 ^^si. 

Substituting in the equation 

U 23 ,U\i + UsiU^i + ~ ^ 

in terms of u<i3 and u^u we have 

- + Ki - + 49 «;, = 0, 

i.e. u\^ = 2 5«J„ and «» = ± sw,,. 

Hence the two common orthogonal planes are 

23 31 12 14 24 34 

US 1-12 -5 I -2 

2^-5 I -2 5 I- 12 

We can express these as 

u r I2:ra + :r3 + 5;r4 = 0, vC 2 Xi + - 5;r4 - 0, 

\xi - 5.r2 ~ 2:1:4 = 0, \2'i + 5,r2 - 12^4 == 0. 

We have next to find the direction-cosines of the lines of intersection of 
P andp' with both u and v. For the line of intersection of p and u we 
take any three of the four equations in xi, x^, xs, X4 whose coefficients are 


Hence we find 
Similarly 



o, 12 , 
h - 5 , 


(pu) = ( 5 , 

(p'u) = ( I, 
(Pv) = (- 5 , 
(p'v) = ( 3, 


I, o, 

0, I, 

1, 5 . 

O, - 2. 

I, ~ 12, O). 

“ L ■” 3 » 3 )» 

I, - 2, o), 

- 3 , L - 0 * 


The two angles B and (p between the planes are the angles between (pu) 
and (p'u)y (pv) and {p'v). Hence 

^ 40 4 , - 20 2 

V^(i7o X 20) v^34’ ^ ^ 20) Vb 

Ex. Show that the two planes xi ^ x^ + x^ = 0 ,| and ;ri + x-2 = 0 ,| 

:r4 =s 0,J ;r8 + :r4 * 0,/ 

intersect in a line, and find their dihedral angle. ^Ans. cos ^ 


29. Co-ordinates of a - i)-flat. A {k - i)-flat in 
can be determined by co-ordinates analogous to Pliicker’s co- 
ordinates of a straight line in S3. These were first introduced 
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by Grassmann, and will be called Grassmann^s co-ordinates. 
The {k - i)-flat is determined by k points with co-ordinates 

(*^00, ^ 01 , * • *, ‘^On), 

1 , 0 , 1 , 1 , • * ^4-1, w), 

and we may take as co-ordinates of the {k- \ )-flat the >^-rowed 
determinants of this matrix, the number of which is ^ jQ. 
Denote the determinant obtained by choosing the columns 
numbered a, jS, y, . , . (i.e. having these numbers as the second 
sufhx) by pafiy — , the suffixes ol, y, . . . being arranged in 
ascending order of magnitude. 

The(/^ - i)-flat is also determined hy n - k i equations 


^00^0 "f” • ‘ 


In—k^o^Q + ^n—k^i^i * • 

• "t" ^n—kinP^n ~ 


and we may take as co-ordinates of the {k - i)-flat the 
{n - + i)-rowed determinants of the matrix of these equa- 

tions, the number of which is also „ + jCi;. Denote the deter- 
minant obtained by choosing the columns numbered a, j8, y, . . . 
by WaPy... 

We can show that these two sets of co-ordinates are pro- 
portional. Since each of the k points lies on each of the 
n - k + I hyperplanes we have 


^0^00 

+ 

4l^01 

+ . . 

• • ‘b ^on^O)i 

= 0 , 


+ 

^n—k^i^ai 

+ . . 

• “b ^n—k^n^on 

= 0. 


Multiply these equations respectively by the co-factors of 
^ 0 ) the determinant 

^0 * • * ^on 

and add. The last n - k terms vanish and we get 
^^\P\u + . . . + ^QkPku ~ 

where u stands for the succession of suffixes k + i, . . n. 
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Similarly 

^iQpQU ^\iP\u + . . . + (^ikplcii ~ 0} 

^k—\^Qpm + ^h—\^ip\u + • • • + ^k—\^kpku 
These k equations determine the ratios of /tu, and 

we have 

. . .,n ~ A:, etc. 

and generally 

Pabc , . . ~ ^^o/3y . . . , 

where abc . . . aj3y ... is an even permutation of the 
numbers 0, i, 2, . . ., n\ i.e. each co-ordinate of the one set 
is proportional to the co-ordinate of the other set with the 
complementary suffixes. 

30. A >^-flat in Sn has {k + i){n - k) degrees of freedom. 
We have „ ^ jC* + 1 homogeneous co-ordinates. These are 
connected by ^ 4. 1C4 4. 1 - i - {k + i)(n - k) independent 
identities. 

Consider the matrix 

^00 ^01 • • • ^o,n— &+1 fc • * • 

• ^k\ • • • ^k^n—k— 1 ^k^n—k • • • ^kn 

and denote by A^ the co-factor of ar in the determinant 

^0 ' • • ^071 

^k ^k^n~k-{-i • • • ^kn 

Then if u denotes the succession of suffixes n - k + 

^Oli ~ ^00 A-o ”1" ^10 ...■}■ A.^^ 

~/iu— ^01 Ay + ^11 Ai + . . . + P^k^ 

( ^Pn—ku ~ ^o^n-^k ^i,7j— A: . . . + Cljc n—k 

0 ~ ^o,n— Jfc+l -^0 ^i^n—k+i . . . + ^jc n-k-^i -^fc 

0 = a^n Ay + Ai 4* . . . + ^hn 

If we take the last k equations with any two of the others and 
eliminate the A’s we get a relation which is satisfied identically, 
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e.g. taking the first two equations with the last k and elimin- 
ating we get merely ~ PmP^u = 0 - But if we take three 

of the first set with ^ - i of the last, e.g. the first three with 
the last k - I , we get a three-termed relation 

^0, n — * + 1 . . n P\, 2, w— fc+2, . . M » P\^ n— fc+i, . . n^o, 2, n-fc-f 2, . . n, 

P% n — fc + 1, . . n^o, 1, n — fc -f 2, . . n ~ 

These relations are all of the type 

P adi . . . i Phci . . . j Pbdi . . . i Pcai , , , j Pedi . . . j Pahi . . . i ~ 

where t , . . y denotes a permutation of ^ - i of the numbers 
0 , I, . . « and ay by Cy d are four of the remaining ones. 

31. A /-flat and a ^-flat in S^, + ^ 4. i in general do not 
intersect, but require one condition for intersection in a point. 
The /-flat is represented by ^ + i equations 



• • * + ^0, P + ? + +9 + 1 

= 0, 

«g0^0 + + 

... -h aq^ p ^ q ^ yXp +5+3 

, = 0, 

and the y-flat by / + 

I equations 


+ 

• • • + ^0, p + 9 + 1 + 9 + 1 

= 0, 

+ ^pl^l + 

. . . + bp^ p ^ q ^ ^Xp + 1 

= 0. 


Eliminating x^y . . between these / + ^ + 2 

equations we get the result in the form of a determinant 
which when expanded gives the condition 

^Pijh - • • ?lwn • • • = 0, 

where ijk , . , Imn ... is an even permutation of the suffixes 
0 , I, . . containing ^ + i numbers 

and the other set / + i, and the summation extends to all the 
different partitions of the / + ^ + 2 numbers into two such 
sets. The condition for intersection is thus linear and homo- 
geneous in the co-ordinates of the /-flat and the ^-flat. 

32. In S„ a ^-flat has n-\-i^k + i homogeneous co-ordinates, 
and if these are taken as point-co-ordinates in a space of 
dimensions the assemblage of ^-flats is 
represented by points on a variety of M = (vfe + i){n - k) 
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dimensions in this S^. is cut by an Sn_m in points, the 
number R of such points being the order of the variety. Now 
an Sn--m represented by M linear equations in the co-ordin- 
ates, and each such equation represents the condition that the 
>&-flat in should intersect an (n - k - i)-flat. Hence the 
order R of Vm is equal to the number of y^-flats in S„ which 
cut (k + i){n - k) arbitrary (n - k - l)-flats. 

It has been proved by Schubert (see Chap. I, § 24) that 
the number 

^ ^ i\ 2 \ 3 \ , , , k\{(k + iXn^k)}\ 
n \ {n - \)\ {n - 2 )\ . , , {n - k)\ 
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CHAPTER VII 


POLYTOPES 


I. A polytope, the analogue of a polygon in two dimensions 
and a polyhedron in three dimensions, is a figure bounded by 
hyperplanes and specified more particularly in ways which we 
shall describe. Adjacent hyperplanes meet in boundaries of 
n - 2 dimensions, and in the usual types of polytopes two and 
only two hyperplanes meet in each boundary of « - 2 dimen- 
sions. Three or more adjacent {n - i)-flats meet in boundaries 
of « - 3 dimensions ; p or more meet in boundaries of n - p 
dimensions, n or more meet in points, the vertices. For short- 
ness we may call a boundary of r dimensions an r-boundary. 

2. The Simplex. The simplest polytope in Sn is the 
simplex S(;^ + i), which is bounded hy n 1 hyperplanes. 
It is the analogue of a triangle and a tetrahedron. Every 
hyperplane cuts every other hyperplane in an (n - 2)-flat, and 
there are therefore n4-iC2 = in{n +1) boundaries of w - 2 
dimensions, each an S(«). The boundaries of - 3 dimen- 
sions are formed by the intersections of sets of three hyper- 
planes, and so on. The vertices, n + i in number, are the 
intersections of all but one of the hyperplanes. Let be the 
number of r-boundaries, and the number of /-boundaries 
which lie in (if / or pass through (/ > q) each ^-boundary. 
Then 


N. 


C = ( ” + Q! 

n + 1 r + i ^ j) I I’ 


and N,j = , + iCp + , (/<$'), 

Npj = n — jCj, _ , ^ y). 


N, is the co-efficient of jr’' + * or jr" ~ in the expansion of 
(i +jr)" + ». Putting ;r= - I we have 

I - N„ + Ni - . . . + (-)»N„_, + (- !)« + > = 0. 

96 



VII. 4] 


POLYTOPES 


97 


This formula, which will be established later for a general class 
of polytopes, is the «-dimensional extension of Euler s Poly- 
hedral Formula in three dimensions, viz. Nq - + N2 = 2. 

For two dimensions it reduces to - Nj = 0 (the number of 
edges of a polygon is equal to the number of vertices), for four 
dimensions Nq ~ + N2 ~ Ng = 0. It will be noticed that 

when n is even the formula is homogeneous in the N^, but 
when n is odd there is a term independent of the N’s ; we shall 
deduce an important consequence of this later. 

3. Configurations. The simplex is a particular example of 

a configuration. A configuration is a system of points, lines, 
planes, etc., such that through every point there pass the same 
number of lines, the same number of planes, etc. ; on every line 
there are the same number of points, through every line the 
same number of planes, etc. A configuration can be repre- 
sented by a square array or matrix of symbols denoting the 
number of /-flats which are incident with each ^-flat, i.e. when 
/ denotes the number of /-flats passing through each 

^-flat, and when p the number of /-flats lying in each 

^-flat. Nppy which may be written also Np, denotes the total 
number of /-flats in the configuration. The dimensions of the 
containing space being n, we have 

Np - Npp = Npn • . • (3-1) 

4. These numbers are not independent If we reckon up 
the number of /-flats by counting Np^ at each of the ^-flats 
(/ q) we obtain . Np^, But each /-flat is counted once 
for every ^-flat which lies in it. Hence 

N,.Np,==Np.N,p . . . ( 4 - 1 ) 

This relation is symmetrical in /, q and therefore holds whether 
p> or <q. 

We may also use the 3-index symbol ^Np^ 
which denotes the number of /-flats passing through a given 


^-flat and lying in a given ^-flat 

If r = we have 


11 

Npg,. 

• (4-2) 

If r> 



N = 

N,,. • . 

• (4-3) 

Also r^pp = yNpy = 

N,,r (^>/)- . 

• (4-4) 


7 
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Writing the equation (4*1) in the form 
N N = N N 
and changing n into r, we have (for ^ 

Ngy . = Npy . Ngp . . . (4*5) 

Hence the 3-index symbols are all expressible in terms of the 
2 -index symbols. 

5. A polytope is not in general a configuration. We may 
still use the symbols N_p with the same meaning, but will 
in general have different values for the different ^-dimensional 
boundaries. The equations (4*1) can still be applied in a modi- 
fied form. If there are boundaries of p dimensions which 
contain ^-boundaries, containing etc., and 

boundaries of q dimensions through which pass /-boun- 
daries, etc., then we have 





Also N20 is of type 3^4*5^ and 2NoNj 
type the same as N20, and 2IS 


NWN<5> + Nf Ng> + . . . , 
and also 

N^ + N^2> + . . . = N,, 

N<^> + N^f) + . . . = N,. 

As an example consider the 
polyhedron (Fig. 12) in which 

Na = 9, = 14, No - 7. 

Noi = Nai = 2 for each of the 14 
edges, No 2 has the value 3 for 8 
faces, and 4 for one. We can 
represent N03 by the symbol 3*4 ^ 
Then 2N2Noa ~ (8 x 3) + 4 = 28. 
JO =:= 3 + (5 X 4) + 5 = 28. Njo is of 
oNjo — 28 =* NiNoi. 


6* Simple Polytopes. A polytope may be simple or 
complex. In a simple polytope two and only two (« - i)- 
boundaries meet at each (n - 2)- boundary, and the same is 
true for the boundaries of any dimensions, viz. in any /-boundary 
two and only two (/ - i)- boundaries meet at each (/ ~ 2)- 
boundary, i.e. 


2>~2 = 2 (/ = 2, 3, . . 


Also Noi = 2 ; this may be included in the general statement if 
we understand __i to mean the number of /-boundaries, 
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without restriction, which lie in a ^-boundary, i.e. <i ^), 

so that, for / = i, ^ p ^ 2 = _ 1 = Noj. 

An example of a complex polygon is the complete quadri- 
lateral, which has four edges and six vertices. We shall con- 
fine our attention generally to simple polytopes. 

Ex. Show that for any simple polyhedron 

2;No . N,o = 2 :No . N 20 = EN, . n,2 = . n,2 = 2N,. 

7. Convex Polytopes. A polytope is convex when it lies 
entirely to one side of each of its {n - i) -boundaries. If a 
polytope is convex so also are each of its boundaries of any 
dimensions. For suppose a polytope to have a /-boundary 
which is not convex, but is such that the (/ - l)-flat Sp_i 
containing one of its (/ - I )- boundaries divides the /-boundary, 
then an (« ~ i )-flat containing Sp _ , but not containing the 
/-flat divides the /-boundary in the same way ; it therefore 
divides the polytope, and the polytope is not convex. Con- 
versely, however, a polytope whose boundaries are all convex 
may not itself be convex. 

8. Face and Vertex Constituents. We shall confine our 
attention generally to simple convex polytopes, and we shall 
denote, with Schoute, a simple convex polytope of n dimensions 
by (PoV 

Each [n - i)-boundary of a (Po)„ is a (Po),i_ 1. We may 
call these the face-constituents. The configurational numbers 
rFpq of a particular face-constituent are 

F = N 

pq — 

and in particular 

F = N 

X p — n — li 

where of course only one {n - i)-boundary and only those 
r-boundaries which are contained in it are involved. 

Consider any vertex O, and construct a small hypersphere 
with centre O. Each edge through O cuts the hypersphere in 
a point, the plane of each two-dimensional boundary cuts the 
hypersphere in a line (arc of great circle), and so on, and we 
have on the hypersphere a hyperspherical polytope of « - I 
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dimensions. We shall call this a vertex-constituent. The con- 
figurational numbers of a particular vertex-constituent are 

V — K 

pq r + -f i, q -h if 

and in particular 

Vp = Np ^ Q. 

9. Isomorphism. Polytopes may be investigated funda- 
mentally from the point of view of morphology, without respect 
to measurement, lengths of edges, or magnitudes of angles. 
This is part of the subject-matter of analysis situs. It is more 
general even than projective geometry, for we are not concerned, 
for example, whether the edges are straight or curved, or the 
faces flat ; we are only concerned with the arrangement of the 
parts, i.e. the configurational numbers. When two polytopes 
are such that the vertices, edges, etc., can be made to correspond 
each to each, the edge joining a pair of vertices of the one 
corresponding to the edge joining the corresponding vertices of 
the other, and similarly for all their boundaries, they are said to 
be isomorphic. They have then the same set of numbers ^Np^. 
Thus all simplexes of n dimensions are isomorphic. Any two 
simple quadrilaterals are isomorphic. The cube is isomorphic 
with any hexahedron whose faces are all quadrilaterals. 

10. Schlegel Diagrams. A very useful method of repre- 
senting. a convex polyhedron is by a plane projection. If it is 
projected from any external point, since each ray cuts it twice, 
it will be represented by a polygonal area divided twice over 
into polygons. It is always possible by suitable choice of the 
centre of projection to make the projection of one face com- 
pletely contain the projections of all the other faces. This is 
called a Schlegel diagram of the polyhedron. The Schlegel 
diagram completely represents the morphology of the poly- 
hedron. It is sometimes convenient to project the polyhedron 
from a vertex ; this vertex is projected to infinity and does not 
appear in the diagram, the edges through it are represented by 
lines drawn outwards. Thus a cube is represented by either of 
the figures in Fig. 13. 

In four dimensions the Schlegel diagram or model of a 
polytope is a three-dimensional projection or representation in 
which the projection of one of its boundary polyhedra contains 
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all the others. Thus the Schlegel diagram of a simplex in S4 
is a tetrahedron divided into four tetrahedra. 



Fig, 13. — Schlegel diagrams of a cube. 


11. Allomorphism. It is not sufficient for isomorphism 
that the two polytopes should have the same total configurational 
numbers N^. Thus the polyhedron whose Schlegel diagram is 
represented in Fig. 14 has 6 faces, 12 edges, and 8 vertices, the 
same as a cube, and it has also three 
edges at each vertex, but its faces 
consist of 2 pentagons, 2 quadrila- 
terals, and 2 triangles. Two poly topes 
which have the same numbers N^, 
but are not isomorphic, are said to be 
allomorphic. 

12. Reciprocal Polytopes. Again 
when two polytopes can be made to 
correspond reciprocally, the vertices of one corresponding to 
the {n - I )-boundaries of the other, and so on, so that the 
configurational numbers of the face-constituents of the one are 
equal to those of the corresponding vertex-constituents of the 
other, they are said to be reciprocal or polar-isomorphic. The 
term reciprocal, in the strict sense, is applied when the two 
figures are related by a polarity with regard to a certain quadric 
or hypersphere. 

The conditions that two polytopes should be reciprocal are 



N' = N 

~ 1, q — 1 — p, n — q‘ 


If Ny _ 1, ^ 1 = ^ ^ the polytope is self -reciprocal. 

If the conditions only hold for the total configurational 
numbers, ^ = N„ __ the polytopes are said to be polar- 
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Fig. 15. 


allomorphic. A polytope may be autopolar-allomorphic, with- 
out being self- reciprocal. For example in the case of the 
polyhedron represented in Fig. 15. 

No = 7. Ni = 12, Nj = 7 ; 

but No 2 = 3^4®. while Njo = 3‘4'5'- 

13. Triangular and Trihedral Poly- 
hedra. The simplest general type of 
polyhedron from the point of view of its 
faces is one whose faces are all triangles. 
This may be called a triangular poly- 
hedron. The simplest from the point of 
view of its vertices is one which has just 
three edges at each vertex, i.e. one whose vertex-constituents 
are all triangles. This may be called a trihedral polyhedron. 
The reciprocal of a triangular polyhedron is a trihedral poly- 
hedron. Any polyhedron can be converted into a triangular 
polyhedron by dividing each face into triangles, or by erecting 
pyramids on each of those faces which have more than three 
sides ; and into a trihedral polyhedron by truncating every 
vertex at which there are more than three edges. These two 
processes, truncating and pointing, are reciprocal. 

14. Simplex- Polytopes and Simplex- Polycoryphas. To 
distinguish between a polytope considered with respect to its 
faces and its vertices, we may call it in the latter case a 
polycoryphal^ 

The simplest general type of polytope is one whose {n - i)- 
boundaries are all simplexes. This may be called a simplex- 
polytope. Every boundary of p dimensions of a simplex-poly- 
tope is a simplex S(/ + l). The simplest general type of 
polycorypha is one whose vertex-constituents are all simplexes, 
i.e. having n edges at each vertex. This may be called a 
simplex-polycorypha. In a ' simplex-poly corypha there are n- p 
boundaries of n - i dimensions through every /-boundary. 
The process of truncating a polytope at all those vertices 
which contain more than n edges replaces each vertex by a 
simplex S(n) and produces a simplex-polycorypha. The pro- 

* Kopvtpfi is Euclid’s name for the vertex of a polyhedron. Cayley 
uses the term potyacron. 
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cess of pointing a polytope consists in joining each of the 
vertices of an {n - i)-boundary to an external point near that 
boundary, i.e. erecting an w-dimensiopal pyramid on the face. 
If this is done for every face which has more than n boundaries 
the figure becomes a simplex-polytope. 

In truncating it has to be noticed, of course, that the cutting 
hyperplane must cut only the edges which proceed from the 
given vertex. Deeper sections will lead to more complicated 
figures. 

15. Sections and Frusta of a Simplex. If the boundaries 
of the simplex are considered as indefinitely extended, any 
hyperplane will cut the figure in a complete {n + 

_ 1, analogous to a complete quadrilateral or 4-S1. If, how- 
ever, we consider only the interior parts of the boundaries the sec- 
tion is a polytope of one dimension less than the simplex. Also 
the hyperplane divides the simplex into two separate polytopes, 
frusta of the simplex. The forms of the section and the frusta 
depend upon the position of the hyperplane with regard to the 
vertices of the simplex, and there is a close connection between 
the form of the section and those of the frusta. If the hyper- 
plane separates the « -f i vertices of the simplex into two 
groups p and + i - p we shall denote the type of the 
polytope of section by (/, ;> + i - p) so that, of course, 
{py n + I -/) = («+ I -/,/); and the types of the poly- 
topes into which it is divided will be denoted by (/ | « + i -/) 
and {n + I - p\p)y the first of the 
two numbers in the symbol denoting 
the number of vertices of the simplex 
which the frustum contains. 

16. Let us consider first a tetra- 
hedron ABCD (Fig. 16), and first 
let the plane of section divide the 
vertices into groups i , 3. The 
section is a triangle PQR, i.e. (i, 3) 
denotes a triangle. The frusta are 
of type (i I 3) a tetrahedron, and 
(3 1 l) a pentahedron bounded by 
2 triangles and 3 quadrilaterals. (This pentahedron, which 
is isomorphic with a triangular prism, is, as it happens, the only 


A 
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type of convex pentahedron having 3 faces at each vertex. 
See § 20.) 

Second, let the section divide the vertices into groups 2, 2 
(Fig, 17). The section, of type (2, 2), is a quadrilateral, and the 
two frusta are of the same type (2 1 2), 
again a pentahedron, i.e. (2 1 2) = (3 | i). 

17. Consider next a simplex ABODE 
in S4, and let the hyperplane of section 
divide the 5 vertices into groups i , 4, say 
A and BCDE. The vertices of the 
section are the points of intersection with 
the lines AB, AC, AD, AE ; the edges 
are the lines of intersection with the 
' 7 - planes ABC, ABD, ABE, ACD, ACE, 

ADE ; and the faces are the planes of intersection with the 
hyperplanes A BCD, ABCE, ABDE, ACDE. Thus the section 
( I, 4) is a tetrahedron. The frustum (i | 4) is a simplex, the 
frustum (4 I i) is a polytope bounded by the section (a tetra- 
hedron), the tetrahedron BCDE, and four polyhedra (3 | i), 
the frusta of the tetrahedra ABCD, etc. 

Next let the hyperplane divide the vertices into groups 2, 3, 
say AB and CDE. The vertices of the section are the points 
of intersection with the lines AC, AD, AE, BC, BD, BE ; the 
edges are the lines of intersection with the planes ABC, ABD, 
ABE, ACD, ACE, ADE, BCD, BCE, BDE; and the faces are 
the planes of intersection with the hyperplanes ABCD, ABCE, 
ABDE, ACDE, BCDE. The first three of these faces are 
(2, 2) sections of tetrahedra, i.e. quadrilaterals, and the last two 
are (i, 3) sections, i.e. triangles. Hence the section is a penta- 
hedron (3 I i) or (2 I 2). The frustum (2 | 3) is a polytope 
bounded by the section (a pentahedron), and the frusta of the 
tetrahedra ABCD, etc. ; three of these, ABCD, ABCE, ABDE, 
are of type (2 | 2), i.e. pentahedra, and two, ACDE, BCDE, 

of type (i I 3), i.e. tetrahedra. (2 | 3) is therefore a poly- 
tope bounded by 2 tetrahedra and 4 pentahedra. Hence 

(2 I 3) == (4 1 i). The frustum (3 ( 2) is bounded by the 

section (a pentahedron), three frusta of type (2 | 2) (pentahedra), 
and two of type (3 | i) (also pentahedra). (3 | 2) is therefore a 
polytope bounded by 6 pentahedra. (See Fig. 22, p. 108.) 



VII. 19] 


POLYTOPES 


105 


18. The numbers of boundaries of a section of a simplex in 
the general case are easily found. Consider a section of type 
(/, q), i.e. the section of a simplex in space of / + ^ - i dimen- 
sions by a hyperplane which separates the vertices into two 
groups p and q. We obtain an r-boundary by intersection with 
an (r -f l )-flat ; this is determined by r + 2 points, and at least 
one of these points must be taken from each of the two groups. 
Hence 

N — r r - r 

— p + g^r -j- 2 p^r -f- 2 q^r -f 2* 

A section by a hyperplane passing between the vertex and 
the base of the simplex, i.e. a section of type (i, ;^) is a simplex. 
Any other section cuts all the n + i hyperplanes of the simplex 
and is a poly tope with n -{- i cells. 

The nature of the various cells, and other boundaries, is 
also at once found. The ;^-boundaries consist of pCj . ^ j 

sections of type {i, r + i). pC ^ . qCr sections of type (2, r), and 
in general pCg . + 2 - * sections of type (5, r + 2 - s). The 

cells, or (/ -h ^ - .f)-boundaries, consist of pC„ . ^Cp + ^ _ 1 _ , 
sections of type ^ - i - j*) for = i, 2, . . p + q- i. 

19. A Frustum of a Simplex of p + q Dimensions of 
Type {p I q) is Isomorphic with a Section of a Simplex of 



Fig. 18 . 


p q + i Dimensions of Type (/>, ^ + i). Consider first 
(Fig. 18) a frustum ABCFQR of a tetrahedron OPQR of type 
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(3 I i). Take any point S outside the space Sa of the tetra- 
hedron, and in SO take any point O'. SP, O'A, cut in P' ; 
SQ, O'B in Q' ; SR, O'C in R'. Then the simplex SOT'Q'R' 
in S4 is cut by S3 in the section ABCPQR, which is of type 
(3, 2) since the space S3 separates the vertices S, O' from the 
vertices P', Q', R'. 

Now consider a frustum (/ | ^) of a simplex in 
Let the vertices of the simplex be A^, ...» A^, B^, . . ., B^, 
and those of the section P^^ (/ = I, . . . ,/;/=!,. . ^), 

the vertex P<^ being the intersection of the line A^B^ with the 
cutting hyperplane S. Take any point O not in the hyper- 
space of the simplex. Join O to A^, and between O 

and Ai take any point A^. Let A'Pj^ cut OB^ in Bj. We 
thus obtain a simplex OA' . . . A^B' ... B' in ^ 
The points A^ are all outside this simplex, while B< lie on its 
edges, and the simplex is cut by + in the section 
Pu Pjg • • • ^pq^i • . . B^, which is the frustum | /) of the 
simplex Aj . . . A^Bj . . . B^. The points A' and Bj are 
separated by Pii and therefore lie on opposite sides of the 
section, and since O is separated from Bj by Bj, O lies on the 
opposite side of the section from Bj, and therefore on the 
same side as A^. The section is therefore of type (^, / + i). 

Hence (^^ |/>) = (?, /> + i) = (/ + i, i') = (/ + i I <7 - i). 

20. Enumeration of Polytopes. An immediate result of 
this is that in there are [-^n] different types of simplex- 
polycoryphas with « + 2 cells, i.e. or - i) according as 
n is even or odd, the polytope being obtained as a frustum of a 
simplex in Sn or a section of a simplex in Sn + 1, excluding the 
section of type (i, « + i) which is a simplex. 

Reciprocally there are [^n] different types of simplex- 
polytopes with n + 2 vertices. 

Thus in S3 there is only one type of trihedral polyhedron 
with 5 faces, viz. the pentahedron isomorphic with the frustum 
of a tetrahedron ; it is bounded by 2 triangles and 3 quadri- 
laterals (Fig. 19). Reciprocally there is only one type of 
triangular polyhedron with 5 vertices (Fig. 20). 

There is one other pentahedron, viz. the quadrilateral pyramid, 
and this is self-reciprocal. 

Ex. Prove that every pyramid in S3 is self- reciprocal. 
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In S4 there are two types of simplex-polycoryphas with 
6 cells, viz. the sections of type (2, 4) and (3, 3) of a simplex 
in S,. 



Fig. 19. — The trihedral pentahedron. 



Fig. 20. — The triangular poly- 
hedron with 5 vertices. 


Denoting the vertices of the simplex in S5 by Ai, Ao, 

B3, B4, the cells of the four-dimensional section are sections of 
the following simplexes : 

2 A’s and 3 B’s : type (2, 3), a pentahedron, 

1 A and 4 B’s: type (i, 4), a tetrahedron. 

The section of type (2, 4) is therefore bounded by 2 tetrahedra 
and 4 pentahedra. 

For type (3, 3), denoting the vertices of the simplex in S5 
by Ai, A2, A3, Bi, B2, B3, the cells are sections of the following 
simplexes ; 

3 A’s and 2 B s : type (3, 2), a pentahedron, 

2 A’s and 3 B’s ; type (2, 3), a pentahedron. 

The section of type (3, 3) is therefore bounded by 6 pentahedra. 




Fig. 21. — Simplex polycorypha bounded by 2 tetrahedra 
and 4 pentahedra. 

The Schlegel diagrams of these two types of simplex- 
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polycoryphas with 6 cells in S4 are represented in Figs. 21 
and 22. 

The reciprocals are simplex-polytopes with 6 vertices, one 

with 8 cells, the other with 9 (Figs. 
23 and 24). 

21. There are two other forms 
of polytopes in S4 with 6 cells. 
To determine these we notice first 
that no cell can have more than 5 
faces, since there must be a cell 
on each face, and hence the cells 
are tetrahedra, trihedral penta- 
hedra, or quadrilateral pyramids. 
Also there can only be 4 or 5 cells 
at a vertex. We have determined 
those with 4 cells at each vertex. 
If there is a vertex at which 5 cells meet, the section near this 
vertex is either the trihedral pentahedron or the quadrilateral 
pyramid. 

In the former case there are 6 edges at the vertex, and of 
the 5 cells two have trihedral vertices and three have tetra- 





Fig. 23. 


Fig. 24. 


hedral, the latter being therefore quadrilateral pyramids. The 
polytope is then a pyramid formed by joining an external point 
to the vertices of a trihedral pentahedron (Fig. 25). 

In the other case there are just 5 edges at the vertex, and 
of the 5 cells four have trihedral vertices and one tetrahedral. 
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the latter being a quadrilateral pyramid. The polytope is then 
a pyramid with a quadrilateral pyramid as base (Fig. 26). 



Fig. 25. Fig. 26. 


22. All the different types of trihedral polyhedra with a 
given number N of faces can be obtained by taking a tetra- 
hedron along with N - 4 other planes, observing the condition 
that not more than three planes pass through one point. 

A single additional plane gives a pentahedron, of which we 
have seen there is only one form. 


A 



AB, C, D cut (2, I, 

A', B'C', D cut (I, 2, I)/ ^ ^ 5 • 

Fig. 27. 

Two additional planes give rise to several cases, first accord- 
ing as the line of intersection of the two planes does or does not 
cut the tetrahedron, and second according to the disposition of 
the vertices of the tetrahedron in the spaces into which the 
planes divide the tetrahedron. 


no 
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Thus if the line of intersection lies entirely outside the tetra- 
hedron we have (retaining of course only the cases in which 
each plane separates the vertices of the tetrahedron) the cases 
in which the vertices have the dispositions 3, o, i ; 2, i, i ; 
2, o, 2 ; I, 2, I. The first case gives just a pentahedron. The 
third gives the type 4® (Figs. 28 and 29) (6 quadrilateral faces), 




isomorphic with a cube. The second and fourth lead to the 
same type (2 triangles, 2 quadrilaterals, and 2 pentagons), 
as is seen by considering the tetrahedron ABCD with the 
sections B'EFC' and PQR, and the tetrahedron A'B'C'D with 
the sections ECF and PQR (Figs. 27 and 30). For both poly- 
hedra N 2 = 6, Nj = 12, Nq =» 8 ; i.e. they are allomorphic. 




When the line of intersection of the two cutting planes cuts 
the tetrahedron we get again various cases, but it is found that 
only the two foregoing types of polyhedra are produced. 

The reciprocals of these form two types of triangular poly- 
hedra with six vertices, one of which is isomorphic with the 
regular octahedron (Figs. 31 and 32). 
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In addition to the two trihedral hexahedra there are 5 other 
hexahedra (Fig. 33). 

In a similar way the different types of simplex-polycoryphas 




having n + 3 cells of « - i dimensions could be investigated 
by cutting a simplex with two hyperplanes. The problem of 
determining the different types of polytopes with a given 



3 “ 5 '* 3V. 

Fig. 33. 



number N of boundaries becomes of great complexity as n and 
N increase, and we shall not pursue it further. The following 
short table gives the number of convex polyhedra in S3 with 
N faces, from N = 4 to N = 8. 


N. 

4 

5 

6 

7 

8 

Trihedral polyhedra . 

I 1 

I 

2 

5 

14 

Total number of polyhedra 

I 

2 

7 

34 

257 


Polytopes of Special Form 

23. Pyramids. A pyramid (of the first species) is con- 
structed by joining all the points on the boundary of a convex 
polytope of n - i dimensions (the base) to a fixed point O (the 
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vertex), not in the hyperplane of the base. If N' are the total 
configurational numbers of the base, those of the pyramid are 

N^ = N; + N;^„ (/ = I, 2, . . - 2) 

N_,= I +N:_„ N, = N;+ I. 

It is bounded by the base and N^_, pyramids of - i 
dimensions. 

If the base itself is a pyramid (of first species) with vertex 
Ag, the pyramid in Sn with vertex Aj is said to be of the second 
species, and may be considered as a pyramid in two different 
ways. If a is the base of the (n - 1 )-dimensional pyramid, the 
pyramid of the second species is constructed by forming first 
either the pyramid A^a or the pyramid and then using 

this as base and the remaining point Ag or A^ as vertex. In 
addition to the boundaries of the base-polytope a, the pyramid 
of second species has as boundaries the vertices A^, Ag ; the 
edges AjAg and those joining Aj and A^ to the vertices of a ; 
the triangles formed by Aj, Ag and a vertex of a, and Aj or Ag 
with an edge of a ; and so on. If N^ are the total configura- 
tional numbers of a, those of the pyramid of the second species 
are 

N^ = n; + 2n;_, + n;^, (/, = o, i, . . ., « - o 

with the understanding that 

N'^, = I, n'^,==o, n;_3 = I, n;_, = o. 

In general a pyramid of species r is formed by joining the 
r vertices A^, . . ., A,, of a simplex S(r) to the boundary 
points of a polytope (Po)^ _ If N^ are the total configura- 
tional numbers of the base- poly tope, those of the pyramid are 

= n; + + . . . + n;_„ 

it being understood that N'_ i == i = Nj, _ while 
N'_^ = 0 = + if I. 

In a pyramid of species « + i is a simplex, and there 
is no pyramid of species or - i. A triangle is a pyramid 
of species 3 ; a tetrahedron is a pyramid of species 4, any 
other pyramid in Sg is of species i. 
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Ex. Prove that a pyramid is self-reciprocal when and only 
when its base is self-reciprocaL 

24. Prisms. A prism (of the first species) is generated by 
the parallel motion of a polytope (Po)^ _ 1 ; it is bounded by 
the polytope in its initial and final positions and by 
prisms of n - 1 dimensions. If are the total configura- 
tional numbers of the base-polytope, those of the prism are 

= 2 n; + n;_, (/ = 1 , 2, . . - 2) 

N, = 2 No, n,^, = 2 + n;^. 

If the base-polytope is itself a prism (of the first species), 
the prism generated is one of the second species, and so on. 
A prism of species r is generated by a (Po)^ _ ^ moving in r 
independent directions. If are the total configurational 
numbers of the base- poly tope, those of the prism are 

N, = 2>-n; + + A2’-‘n;_, + . . . + n;_„ 

where N;_, = i, while N'_, = 0 = + , if ^ > 0. 

In Sn a prism of species n is a parallelotope, and there is no 
prism of species n - i, A parallelogram is a prism of species 
2, a parallelepiped is a prism of species 3. The total configura- 
tional numbers of a parallelotope are 

N = C 2^'^ P 

When the n directions are all mutually orthogonal we have 
the analogue of a rectangular solid, which we have called an 
orthotope^ If, further, the displacements are all equal in length 
we have a regular polytope, the analogue of the cube. 

25. The Simplotope. In three dimensions a triangular 
prism can be considered as 
generated in two ways. Take 
a tetrahedron OABC and let 
the face OAB move always 
parallel to itself so that O 
moves along OC, thus generating 
the triangular prism OABCA'B' ; 
or alternatively let the edge OC 
move always parallel to itself so 
that O moves over the whole ^ 
triangle OAB. 

Generalising this, consider a simplex OAi . . . ApBj . . . B^ 

8 
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in Sp 4. Then a new polytope is generated by moving the 
simplex of p dimensions P ^ (OA^ . . . A^) always parallel to 
itself so that O moves over the whole boundary of the simplex 
Q = (OBj . . . B,), and the same polytope is generated when 
the rdles of the two simplexes are interchanged. This poly- 
tope is called a simplotope of type (/, q). 

Number of Boundaries of a Simplotope (/, q) in S^ + g. 
When the point O of the generating simplex P is at a vertex 
of Q we obtain / + i vertices of the figure, hence 
Nq = (/ + I )(^ + I ). Each vertex of P generates an edge 
when O moves along an edge of Q, and in each of its various 
positions when O is at a vertex of Q it furnishes p 4. jQ edges, 
therefore Nj = ^ 4. iCj . g 4. jCj + pf 1C2 . g + iCj. Similarly each 
edge of P generates a parallelogram when O moves along an 
edge of Q, each vertex of P generates a triangle when O moves 
over a triangular boundary of Q, and in each position of P 
when O is at a vertex of Q it furnishes p 4. jCj triangles. Hence 

N2 = y 4. lC2 • g 4. 1C2 + 4. iCj . g 4. 1C3 + p ^ jCg . q 4. jCj 

of which p 4. 1C2 . g + 1C2 are parallelograms and the rest triangles. 
In general 

Nr = ;?-fiCr+i • q+i^i + p+S^r • 5 + 1^2 + . . . + ;>4-iCi . g4.iCr4.i, 
N^) + g' — 1 ~ p 4- i^p + 1 * 54 - 1^9 p + S^p • q 4- S^q 4- 1 
= (^ + I) + (;) + I) = / + ^ + 2. 

The boundaries of all dimensions are simplotopes. Of the 

^-boundaries p 4. jC, 4. j . g ^ iCr « 4. i + p 4. jC, _ , 4. j . g ^ iCj 4. 1 

are simplotopes of type (s, r ~ s). 

Nr is equal to the coefficient of in the expansion of 

(i 4 " + xp"^^, i.e. (i 4- omitting the two 

terms p 4. ^ and g 4. ^Cr 4- 21 hence 

Nr = p 4- g 4- 4- 2 “ p 4- 4* 2 ■" g 4 - i^r 4- 2 * 

Comparing this with the result for a section of a simplex (p. 105) 
we find that the simplotope of type (/, q) is isomorphic with 
the section of type (/ 4- i, ^ + i) of a simplex in Sp 4. g 4. j. 

If the vertices of a simplex in Sp g i are divided into 

two groups p + 1 and y + i, these form two simplexes in 
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flat spaces a and jS of / and q dimensions respectively. These 
may be called complementary boundaries of the simplex. The 
spaces at infinity and of dimensions p - i and ^ - i, 
determine a (/ + ^ - i)-flat at infinity. Hence there is a 
single infinity of (/ + ^)-flats completely parallel to both 
a and p. A simplotope is a section of a simplex by a hyper- 
plane parallel to two complementary boundaries. 

26. Pyramidoids. A pyramid of species r can be general- 

ised further by replacing the simplex S(r) by a polytope 
(Po)y_i. Let (Fo)p and (Po)^ be two polytopes in so 

that their hyperplanes do not intersect. Then a polytope is 
formed by joining all the boundaries of the one polytope to 
all the boundaries of the other. We may call this a Pyramid- 
oid of type {(Po)^, (Po)J. Its other boundaries are also 
pyramidoids which may simplify to pyramids or simplexes. 
If (Fo)p and (Po)^ are both simplex-polytopes all the other 
boundaries of the pyramidoid are simplexes. Let N' and N'' 
be the total configurational numbers of the two polytopes, and 

those of the pyramidoid, then 

N, = n; + K-^K + + . . . + + n;', 

with the understanding that 

Ni, = I = n;, n':, = I = n;', 
while = o = = o (oo- 

In particular ^ + N'^i, 

N, N' + n;'. 

Ex. Show that the section of a pyramidoid with base 
polytopes (Po)„ _ ,. and (Po)^ _ 1 is isomorphic with the polytope 
generated by moving the polytope (Po)y_i always parallel to 
itself so that one of its vertices moves over the whole boundary 
of the polytope (Po),j _ y. 

27. Prismoids. This process may be extended still further 
by removing the restriction that the hyperplanes a and j8 of the 
two base-poly topes (Po)p and (Po)^ are skew. We shall only 
assume that they have no finite point in common, i.e. they are 
either skew or parallel, and may lie in a space S„ («</ + y + i). 
If the condition of parallelism also is removed isomorphic poly- 
topes of more general form result. 
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This class of polytopes, called Prismoids, may be repre- 
sented generally by those constructed on a basis of two poly- 
topes F, P", each of « - i dimensions, lying in parallel 
hyperplanes. One or both of these may degenerate to a 
polytope of lower dimensions. Assuming that P' and P'' are 
both convex, a definite procedure for obtaining a convex pris- 
moid is then as follows. Choose any {n - 2)-boundary of 
P', then through this there are just two {n - i)-flats which 
meet P" in just a vertex ; * one of these separates points of P' 
and P", the other lies entirely to one side of both. Choose 
the latter and form the pyramid with this boundary of P' as 
base and the vertex of P" as vertex. In this way we obtain 
Nj,_, pyramids as boundaries of the prismoid, and similarly 
we get N|j'_, pyramids with {n - 2)-boundaries of F' as base 
and a vertex of P' as vertex. Then taking an {n - 3)-boun- 
dary of P', if the pyramids on the two {n - 2)-boundaries 
which pass through this {n ~ 3)-boundary do not have a 
common boundary oi n - 2 dimensions, we form one or more 
pyramids of the second species with this {n - 3)-boundary as 
base and two vertices of P" as vertices ; and in general a 
pyramidoid as boundary is obtained with its bases a ~ l)- 
boundary of F and an {n - /)-boundary of P". If P' and P" 
are both simplex-polytopes, all the other boundaries of the 
prismoid are simplexes. 

Ex. I. Show that a prismoid in S4 whose bases are two 
tetrahedra is a polytope bounded by 16 tetrahedra (the tetra- 
hedral 16-cell), and that a section parallel to the base is a 
polyhedron bounded by 6 quadrilaterals and 8 triangles. 

Ex. 2. The prismoid whose bases are a cube and an 
octahedron has for its remaining boundaries 6 quadrilateral 
pyramids and 20 tetrahedra. A section parallel to the base is 
a polyhedron bounded by 18 quadrilaterals and 8 triangles. 

Ex. 3. If one base is a cube and the other a tetrahedron 
with each edge parallel to a corresponding face-diagonal of the 


* It may happen that an {n - i)-flat which is made to pass through a 
vertex of P" contains as well an edge or higher boundary through this 
vertex ; in this case some of the boundaries which would in general be 
separate lie in one flat and form a more complex single boundary. 
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cube, the remaining boundaries of the prismoid are 4 tetra- 
hedra, and 6 prismoids with base a square and top a single edge. 

Ex. 4. A prismoid whose bases are a cube and a tetra- 
hedron in general position has for its remaining boundaries 
6 quadrilateral pyramids and 1 6 tetrahedra. A section parallel 
to the base is a polyhedron bounded by 18 quadrilaterals and 
4 triangles ; 42 edges and 22 vertices. 
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CHAPTER VIII 


MENSURATION. CONTENT 

I. The simplest enclosed regions in space of any number of 
dimensions are comprised in the series : line-segment, square, 
cube, . . regular orthotope. The measure of length is a 
unit line-segment, the length of a straight line being measured 
by the number of times it contains the unit The area or 
content of a rectangle is measured similarly by the number of 
times it contains the unit square, and so on. We need not 
enter in detail into the question of measuring a rectangular 
region when the unit is not contained an exact number of times. 
We assume that fractional parts of the unit can be measured, 
and the same principle applies without modification in n 
dimensions. In the unit of content is an orthotope whose 
edges are each of unit length. The content of an orthotope 
with edges . . ., is represented by the product a^a.i . . . a^. 

A region whose boundaries are not rectangular cannot be 
divided into orthotopes without an unlimited division of the 
unit, and the process of integration has to be applied. 

2. The Prism. Consider first a prism of the first species 
whose base is a polytope (Po),» „ i of content C. If h is its 
height, the content of the prism is 

V ( 2 - 1 ) 

If the axis makes an angle 0 with the normal to the base, and 
a is the length of the axis, the height h ^ a cos 0, and 

V == C^ cos 0. . . . (2*2) 

A prism of the second species is generated by a base- 
polytope (Po\ _ 2 of content C moving first through a distance 
ai in a direction making an angle 0^ with the normal to C which 
lies in the (n - i)-flat (Cai)^ thus generating a prism of the 

ii8 
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first species with content C^i cos 0 ^ ; then this prism, moving 
through a distance a2 in a direction making an angle with the 
normal to (C^i). The content of the prism is then 

V = C cos 6 ^ cos . . (2*3) 

Generally, the content of a prism of species r with base a poly- 
tope {Fo)n _ y of content Cn - r and axes ^1, . . is 

^ (S^n~ry • • •> ~ ^n—r^l • • • COS . , . COS 0 ^^ . . . (2*4) 

where dg is the angle which the axis Ug makes with the normal 
to the (n - r + s - i)-flat (Cn^r^i . . . which lies in 

the (n - r + i‘)-flat (Cn -r^i . . . 

If the angles 0 g are all right angles, each axis is normal to 
Cn - r) and the r-flat determined by the r axes drawn through 
a point O of Cn - r is completely orthogonal to Cn r More- 
over in this case the axes themselves are mutually orthogonal, 
and determine an orthotope of content . a^. The con- 

tent of the right prism of species r is then 

Cn-r^i ... ar, . . . (2‘5) 

i.e. the product of the base and the content of the orthotope 
formed by the axes. 

In the general case the axes form an oblique parallelotope. 
ag cos 0 g is the projection of a, on the r-flat which is com- 
pletely orthogonal to Cn - r- The lines ag cos 0 g(s = i, . . r) 
form a parallelotope, which is the projection on Sy of the 
parallelotope formed by the axes. Hence the content of a prism 
of any species is the product of the content of the base-polytope 
(Po)n - y and that of the projection of the axesfarallelotope on the 
normal Sy. 

Hence if <^2» • • •> are the angles which the r-flat 
containing the axes makes with the r-flat normal to the base, 
and Ay is the content of the parallelotope formed by the axes, 
Cn - y that of the base, 

V(Cn^y, ^1, . . ^y) = Cn-yAy cos cos * ^OS <^y. (2*6) 

This includes of course the parallelotope. 

3. The Parallelotope. We shall obtain an expression for 
the content of a parallelotope in terms of the lengths of the 
edges a^ and the angles 0 ^g between them. Let the content 
be denoted by Via^, . . a^). Take a system of rectangular 
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co-ordinates with the origin at a vertex, and let the direction- 
cosines of the edge be Let be the angle between the 
edge and the normal to the {r - i)-flat m ^r-i) 

which lies in the r-flat a^. Then 

V(ai, . . a,) = COS 0,. 

Let ly be the direction-cosines of the normal. Then since it 
lies in a,) 

f 



II 

■M 

II 

where are r homogeneous parameters. Also since 

it is perpendicular to each of the axes 


n 

= o (y= I, 1), 

I' «=■ 1 

i.e. 

n r 

2 ^ ® (7 = 1,..., r- I), 

j/ to. 1 i =» 1 

i.e. 

f n 

^ («< = 0. 

1 1 I' — 1 

But 

n 

^ = cos 9ij = cy, .say, 

V —1 

and 

V « 1 

Hence 

r 

^ «i cos 9ij = 0 (7=1,..., r- i). 

t « 1 


These r - i equations determine the ratios of Let 

Qj be the co-factor of in the determinant | 

Then = Q,.. 


* Throughout this and the next two paragraphs with a few obvious 
exceptions upper indices are used not for powers but as diacritical marks, 
as in the tensor-calculus. 
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i — 1 v — 1 


n nr 

Now p cos 0, = p ^ “ 2 2 

1=1 i«»i 

nr r n 

= 52 “ 2 2 

»/ « 1 i * 1 i , 

r 

~ ^ir^ir ^ I ^rr l> 

t “ 1 
r 

P^v “ ^ir^i' ) 

t = 1 

2 2 (c,.c„ 5 4^) - 2 2 

1 = 1 i *= 1 »» = 1 

r f 

= 5 2 


and 


hence = 


^ir^jr^ij 


t = i i=i 


1=1 ; = 1 


But 


T 

Cj/^j = 0 if / + r, and = | | if / = r. 


j = i 


Hence 

We have then 


P^ - C,, 1 |. 

cos^ 6 ^ = 

0-- 


The determinant 1 Cr I = 


^21 ^ • • • ^aj 


is a function of the angles 6^^ between the pairs of axes 
. . ., For two axes a^y it reduces to i - ^2 == sin^ 

Its positive square root is therefore called the sine of the r- 
dimensional angle whose edges are a^y . . a^y and is denoted 
by sin {a^y . . ., a^. is the determinant of the same form 
for r - I. 


Hence 


cos Or = 


sin {a^y , , ,y ar) 
sin(ai, . . ar^i)' 
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Now 

a-i) = sin dy.y = a^a.^ sin («j, a^), 

XT, V ir/ N fl • / ^ sin (a„ ^3) 

V(ai, a.y, ag) = V(a„ a,)a3 cos 63 = aya./Z3 sin (a^, a.^) s|„ 

= a a./i3 sin (^i, a.^, ^3), 

and generally 

(Z.j^ . , ^n) “ ^21 • • •» ^n")' 

(3-1) 

We have sin^ . . ., «„) = | 1 ^12 • • • r,„ 




Z<f^c^ Ec^(^ . . . 

V V V V V V 

2-1 2-1 27 ! 

Cy C 2 ... C„ 

^ ^ • c 


(3-2) 


Hence 

^2’ * * •> ^n) “ ^^1^2 ’ * * I ^ I* 

Let xl be the co-ordinates of the end of the edge through 
O, then x\ = a^c\, and 


. . .y 


.v\ xl . . . .rl 


„n „n 

^1 ^2 


• (3-3) 


We have similarly for a prism of species r, referred to 
rectangular axes, with the axes ;r,.^ j, . . ., x^ in the base _ r> 

V(C,^ _ (Zj^y . , _ f(Zj. . , . j 

= . (3*4) 

where 




and ^ . . . x^, 


( 3 * 5 ) 


xl ... x\ 
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The determinant | | is therefore equal to the projection on 

the r-flat of {x^y . . of the parallelotope whose edges 

are the lines joining the origin to the r points with co-ordin- 
ates {xl). 

4. The Pyramid. Consider first a pyramid of the first 
species whose base is a polytope (Po)^ _ , and vertex O. By a 
series of hyperplanes parallel to the base it is divided into slabs 
or thin prisms of thickness dx. The content of the section at 
a distance x from the vertex is proportional to the (jt - i)th 
power of the distance. Hence if C is the content of the base 
and h the altitude, the content of the pyramid is 

• • ( 4 -) 


i.e. equal to one-;^th of the content of a prism of first species 
with the same base and altitude. 

Consider now a pyramid of species r whose base is a poly- 
tope (Po)n-r of content Cn~r» and vertices A^, . . ., A^. 
Let be the distance of Aj from the base C„ _ ^ the 
distance of Ag from the (« - r + i)-flat (C„ _ rAj), and so on. 
Then 

•yj Cyj _ 

~ - r + i)(« - r 4* 2) . . . n 

Let O be any vertex of the base, OA, = and 0 , the angle 
which OA, makes with the normal to (C^ _ r^i . . . A, _ 1) 
which lies in (C^ _ ^A^ . . . A,). Then 


V = 


Cn — r^i^2 • • • 


n(n - i). . . + i) 


cos cos 0a 


cos Or^ 
(4-2) 


If rectangular axes are taken with origin O and the axes 
• •> base, and if (xl) are the co-ordinates 

of the vertex A, 


^ ~ I — 5 


(4--3) 


Xl ... X, 
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Hence also the content of a simplex with one vertex at 
the origin and n vertices A, with rectangular co-ordinates (xl) is 

V= . . . 41- • • (4-4) 


\Xi . . . Xf^\ 

If the co-ordinates of the vertices A^, . . A^ + i referred 
to any system of rectangular axes are (xl), and those referred 
to A^_j.i are with = 0, we have 

and « ! V = U? I U? + + M = I I 1. (4*5) 


1 1 . . xy^\ 

Again, taking the origin at the vertex + i let the direc- 
tion-cosines of the edges A^ ^ ^A^ through A„ ^ j be cl. Then 

. . . aJd. 

Squaring the determinant and denoting by c^g the cosine of 
the angle between the edges we have 

I ^ 1 ^ = I ^12 • • • ^in = sin^ (^ 1 , . . O 

^ni ^n2 • • • ^7171 

hence 

n\N ^ sin «„). . (4-6) 

5. Content of a Simplex in Terms of the Lengths of 
the Edges. We may write the equation 

n\Y ^\x\ . . . xl I I 


+ 1 n + 1 T 

Xx • • • -^n A 


in the form 


-- 2 X^^^ . . . 
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or 


(- + V = 


0 o 

1 x\ 




I X 


.« + 1 




Multiply these together by rows. The elements of the first 
row and column in the product are all units except the first 
which is zero. Take any element of the diagonal 


2Zxlxl + Exlxl = 0 . 


The element in the {r + i)th row and {s + i)th column is 
Exlxl - 2 Ex:x[ + Ex^^[ = - xlf == al, 


where < 2 ^, is the length of the edge A^A,. 



Hence 





(_i)» + *2»(« !)'V' = 

O I 

I . . . 

I 

I 

I 0 

^12 * • ’ 

4« 

2 

^1, n + 1 


I 

O . . . 

4n 

^^ 2 , n + 1 


I 4+1, 

1 *^n -+• 1 , a * ' ' 

• 4+1, 

n 0 


For a regular simplex = constant = a, and the determinant 
becomes, on subtracting the last column from each of the 
others except the first, 


0 

o 

0 , . 

0 

I 

11 

i 

I - 


0 . . . o 

I 


0 . . 

0 



I 

0 - 

. . . 0 

I 

o 


0 

d^ 


I 

0 

0 ... -a^ 

I 

o 

0 . . 

. -^2 

d^ 


I 


. . . c? 

I 

d^ 

d^ . . 


0 





= ( 

- i)'*+ 1 

I 

- I 

0 . . . 0 


-I)'* 

+ '(«+! )«■■"*. 


I o - I . . . o 


I o o ... - I 

;/+ I o o . . . o 

Hence the content of a regular simplex of edge a is 


V 


\n + I 


(5-2) 
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This may also be obtained, without using determinants, by 
elementary geometry. Let be the altitude A^Ny of a regular 
simplex S(r + i). The foot of this altitude Ny is at the 
centroid of a face S(«), and this centroid divides the altitude 
Ay _ iNy _ 1 so that Ay _ jNy _ 1 = ^ . NyNy _ j. We have then 





Pi = 


Pi = 


= i . V, 

A 2 2 


9 23 


Assume that 


Fig. 35. 


\ r / 2 r - i 


0 ^ ^ 2 

PU, = 

2 r - I 

1 r -f I 

; 

2 r 


hence by induction this is true. 


Hence V 


* • • Pn 


= _L 

n ! \ Va'* - ‘ 

_ /« + I 


n « + 

« - I « ; 


6. Pyramid of Second Species. A section of a pyramid 
of the second species by a hyperplane which is parallel to the 
base a and also parallel to the vertex-edge is a polytope of 
n - I dimensions with two ends which are polytopes with 
edges parallel to corresponding edges of a, corresponding 
vertices of the ends being joined by edges parallel to the 
vertex-edge. 

PQRSAjAg (Fig. 36) represents a pyramid of the second 
species in S4. A section parallel to the plane PQRS cuts the 
planes A^PQ, AjQR, etc., in lines parallel to PQ, QR, etc., so 
that the two pyramidal 3-dimensional boundaries A^PQRS and 
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AgPQRS are cut in two polygons PiQiRiSi and P2Q2R2SJ 
whose corresponding sides are parallel to the corresponding 
sides of PQRS. If also the hyperplane is parallel to 
the edges P1P2, Q1Q2* ... in which the hyperplane cuts the 
planes A1A2P, AjAgQ, etc., are all parallel to A^Ag. Hence 
the section is a prism. 

Let a be the area of the polygon PQRS, c the length of 
AjAg, and A the perpendicular distance between the line A^Ag 
and the plane PQRS, 6 the angle between the direction of the 


A 



line AjAg and the plane PQRS. Then the content of the 
hyperpyramid is 

V = [ ^ ^ 

Jo h 

= sin 0 ri hx^ - ^ ~ sin 0 . 

13 4 Jo 12 

== — ct,ch sin 0. . . . . . (6*1) 

12 

This is an extension to four dimensions of the well-known 
expression for the volume of a tetrahedron in terms of two 
opposite edges. 
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For a pyramid of second species in Sn we have similarly 


V = 



h - X 


sin 9 dx 


OLC 


sin 9 



(xc/i sin 9 
n(n - i) 



( 6 - 2 ) 


7. Consider now a pyramid of the third species in S5, with 
a base-polygon of area a, and three vertices A^, Ag, A3. 

Let the base-polygon be a = PQR . . . and have N sides. 
The pyramid is bounded by three pyramids of second 
species otAgAj, aAgA^, ocA^Ag, and N simplexes PQAjAgAg, 
QRAj^A2A3, . . . 

Divide the pyramid by 4-flats parallel to the two 
planes a and A^AgAg. The section by a 4-flat is a figure 
bounded by three N-gonal prisms PoQqRo . . . F3Q3R3 • • •, 

P.Q.R. . . P.Q.R. . P.Q.R. P.Q.R, • . -d N 

triangular prisms PiPjPjQiQiQs. QiQ2Q8RiR2R3. • • • Let 
h be the distance between the planes a and AjA^Aj, and 
X the distance of the 4-flat from the plane A1A2A3. Then 

PjQi = P2Q2 = F3Q3 = ^ PQ» these three lines are parallel 

to PQ ; similarly for QiRp etc. Also 

P1P2 = Q.Q2 = . . . = 


and these N lines are all parallel to A^Ag ; similarly for PgPg, 
etc. Hence the three polygons PiQiRj . . P2Q2R2 • • -i 
. . . are congruent, with corresponding sides parallel. 

We have first to find the content of the 4-dimensional 
section. Dividing it by 3-flats parallel to that of the prism 

P2Q2^2 • • • PsQs^^S • • •> 

the section is a prism P2Q2R2 . . . PsQsRs- • • • H is the 
distance between the 3-flat of the prism PjQj . . . P3Q3 . . . 
and the plane PjQj . • ■, and y the distance of the 3-flat of 
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section from the plane PjQi ...» we have 

P2Q2 = P'sQ; = PA = PaQs. 
P2P;=QA=- • “^PaPa- 


The section is therefore a prism whose base 


PAR2 • • • = PaQ,Ra • • • = 


and axis 


p'p'— -^pp ^ y ^ "^A A 

P2P3 - ~ 


Let 0 be the angle which A^Ag makes with the normal to a 
which lies in the 3-flat parallel to a and A^Ag. Then the 
volume of the prism 

KQ2K . . . KQsK - (P.Q2R2 • • • )P 2 P 3 COS 0, 
and the content of the 4-dimensional section is 

f(PaQ,R, . . .) |(P,P3) cos d dy 

=* KP 2 Q 2 R 2 ‘ • *)'^(P2P3) cos 0 . 

Now k = cos (f>, where <f) is the angle which P1P2 makes 
with the line which is normal to both a and P2P3 and which 
lies in the 4-flat parallel to a, P2P3, and PiP2* Hence the con- 
tent of the 4-dimensional section 

= ^ a (^-^) (AiA3)(AjA,) cos e cos <f,. 

Hence finally the content of the 5-dimensional pyramid 

L ^ ( AjAjX A 2Ag) cos 0 cos <^f - x^dx 

2 /t J Q 

= ^ a( A iA 2)(A2 As)^ cos 0 cos (f>. 

Now J(AiA2)(A2A3) cos 0 cos <f> is the projection of the area of 
the triangle A1A2A8 on the plane which is completely ortho- 
gonal to a. Hence if the area of this projection is denoted by 
A' we have 

V = ±aA'A . . . ( 7 - 1 ) 


Q 
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Let us extend this now for a pyramid of third species in S», 
whose base is a polytope (Po)^ - s of content a and vertices A^, 
Ag, A3. We have 


V = ia(AiA2)(A2A3) cos 6 cos <f> 


and hence 


V = 


20iA'k 

n{n - i)(;2 - 2)’ 



2 

dx. 


(7-2) 


and in general the content of a pyramid of species r in Sn is 

(r- I) ! oA'A __ (r~ I) ! (;. - ;^) ! aA'^ 

«(«- I) . . . I) n\ ’ V/ 

where a is the content of the base-polytope (Po)„ _ y, A! the 
projection of the content of the simplex A^Ag ... Ay on an 
{r - i)-flat completely orthogonal to the base, and h the 
distance between the base and the (r - i )-flat A^Ag . . . A^. 

If A is the content of the simplex formed by the vertices, 
and ^1, ^2) • • • {r - i) or - r) angles (whichever 
number is the less) which its {r - i)-flat makes with the 
base-(;? - r)-flat, 

V = sin sin (^2 (7-4) 

8. The Simplotope. The simplotope of type (/, n - f) 
is generated by moving a simplex S(/ + i) so that one 
vertex traverses every point of a simplex S(« - / + i). Let 
the latter simplex be divided into elementary parallelotopes. 
Then when one vertex of the simplex S(^ 4- i) traverses this 
{n - /)-dimensional parallelotope it generates a prism of species 
n - p whose base is S(/ + i) and axes the edges of the 
parallelotope. Hence if <f>n^p are the angles which 

the {n - /)-flat of S(« - / + i) makes with the normal 
{n - /)-flat to S(/ + i), and C^, Cn-p denote the contents of 
the two simplexes, we have by summing the contents of the 
prisms, according to the result of § 2, for the content of the 
simplotope 

V ^ GjpC^^ «_ p cos <j>i • . • cos — pi • ^ ) 
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or if is the projection of the simplex S(n - / 4* i) on 

the normal (n - /)-flat to S(/ + i), 


V = 


1>* 


(8*2) 


9. Prismoidai Formulae. It is well known that Simpson's 

formula V = + B + 4M) for the content of a figure 

bounded by two parallel ends, A and B being the contents 
of the two ends, M that of the parallel mid-section, and 
k the distance between the two ends, holds for figures in 
both two and three dimensions for which the content of 
any section parallel to the ends is a cudtc function of the 
distance from one end. Simpson's rule was applied only at 
first in the case of a quadratic function, and this is the case 
for a prismoid in three dimensions. For a prismoid in four 
dimensions it can be shown that the section is a cubic poly- 
nomial, and that Simpson's rule still holds. In higher dimen- 
sions polynomials of higher degree occur and the rule has to be 
extended. 

10 . Consider the general case of a figure bounded by two 
parallel ends, distant h apart, and such that the content of the 
parallel section at a distance }Ji from one end is a polynomial 
in A of degree r. We shall call this a prismoidai figure of 
species r. Except for the two flat ends the boundaries need 
not necessarily be flat, but might be curved, e.g. a quadric 
surface bounded by two planes parallel to principal planes. 

The content of the section may be expressed in the form 

M(A) - - Xf + ^1(1 - Ay-* A + . . . + ar^,{i - A)A^-^ + 

Then the whole content is 


Now 


Hence 


V = CM{X)AdX. 

Jo 



xy-pdx 


1 

{r + l). rCp 


^ + I \r a. a- 4, i a. /2 

rt' T^‘2 

= + ar) + (<^i + ^r-i)/rCi + . • . , 
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the last term being 

- 1 ) + ^\{.T + i)}/rC|(r _ i) if r IS odd 

and «ir/rCjr if is even. 

Now take two sections equidistant from the two ends. We 
have 

M(A) + M( I - A) = (a. + aOlA*- + ( I - A)'} 

+ («i + «r-i)A( I - A){A’'-» + ( I - Ay-’} + . . ., 
the last term being 

- 1 ) + 1 )}{A(I - - ') if r is odd 

and 2 < 2 j^{A(i - A)}*** if r is even. 

V is thus expressed in terms of the [^r] + i quantities 
{ap + _ p) ; and these can be expressed linearly in terms of 

the same number of quantities M(A) + M(i - A). Whether 
r - 2k ox 2k i the number of pairs of parallel sections 
required is the same, viz. A + i. Thus if 

V can be expressed in terms of the -f i quantities T„ + 1 
or T„ 3 i (s' = o, I, . . k). When the denominator is 2k, 
Tjfe, ik = 2M(^), i.e. double the mid-section. It is clear that 
any formula of this type which holds for a particular value of r 
will hold for any smaller value of r, since a polynomial of degree 
r - 1 can be regarded as a polynomial of degree r in which the 
highest coefficient is zero. 

II. We shall find it more convenient now to express M(A) 
in the form 

M(A) = Co + <^iA + ^jA" + . . . + c^.A’’, . 

Then 

V/A =* j M(AyA == Co + + JCa + . . . 4- yl—Cr, (ll’2) 

and 

M(A) 4* M(i — A) =» 2Co 4“ Cj 4- CjjA* 4- ( I — A)*} 

4- . • . 4-C^{A’‘4-(i - A/}. (II*3) 

Write 

A’* + (I - Xy «/y . . . (11*4) 

A(i-A)»j. . . . (ii'5) 


and 
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If we require to express the value of A in and y we shall use 
the notation fjis) and for /, and y when A = sj( 2 k) or 
sl( 2 k + i). 

Then we have 


/p - yfp-. = + (I - m - A(I - A)|Ai>-‘ + (I - A)^>--} 

= A^> + » + (I - A)J> + '=/p + .. . (II-6) 

Now let 

Vjk = ^oTo + ij, + ... + hTt, 

where Tt is written for either Tt, ai + , or Tj,, ai- 
Substituting from (l i’3), viz. : 


T, = Co/o(s) + + . . . + Cr/,(s) 

we have 

Y/h - c,EbJls) + c,2bj,(s) + . . . 4- CrEbJrisl 

summations being from s == o to s k. Comparing this with 
(11*2), which is true for all values of r up to + i, we have 

= rh- 


Since /^(s) = i this gives 


2^. - i 


• (1 1 7) 


#-0 

Again by (i i *6) 

-f -f i(*^) ■" 

hence 

I 


Si >, y ,/ is ) . ^ ^ ,• 4. 3 “ 4. 2)(/ + 3) 

and putting i = i 


(/ ^ r - 2) 


K 

S b,y, = -i-, 

3 • 4 




since j'o = 0. 

Again 

+ = Sb,yJi^ls) - Sb,y^fi(s), 
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2b,y]fls) = 


(i + i)(i + 4 ) (/ + 4 )(j + 5 ) 

2 


and putting / = i 


{i + 3)(j + 4 )(« + 5 ) 


{i-^r - 4 ), 


2 b,yl 


4.5.6 

S a> 1 

Proceeding in this way we can prove by induction that 

Ic 

(/ + I + 0 . . . ( 2 / + I -f /) 

» «* I 

and putting / = i 


Hence for all values of up to 2^ 4- i we have two ex 
pressions for V, viz. 


and 


Vlh = 6fJo,2k + + . . . + ^k^i,tk 

VM - KT^o , 2 A: + 1 + , tfc + 1 • • • + ^k^k,tk + v 


( 11 * 9 ) 


where the coefficients are determined by the equations (117) 
and (ir8), A being equal to sl{ 2 k) or sl{ 2 k + i) respectively 
for the two formulae. 

The following table gives the values of the coefficients in 
the formula 


RV/A = BoT, + B,T„^ + + . . . 


up to w = 7 : 


m. 


Bq. 

Bi. 

B^. 

B^ 

R. 

2 

3 

I 

2 



6 

3 

3 

I 

3 



8 

4 

5 

7 

32 



90 

5 

5 

19 

75 



288 

6 

7 

41 

216 


136 

840 

7 

7 

751 

3577 


2989 

17280 
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Tq is the sum of the two ends, T^, 2 = T2, 4 = Tg, ^ = double 
the middle section. 

12 , We shall now show that a prismoid in is a prismoidal 
figure of species n - i. In addition to the flat ends A, B, poly- 
topes of « - I dimensions, the boundaries are pyramidoids of 
n - i dimensions. The prismoid may be divided into simpler 
figures in the following way. Joining a vertex of A to all the 
vertices of B we obtain a pyramid of the first species. The 
remaining figure can be divided into prismoids which have as 
bases a boundary of B and either A or a boundary of A. These 
may be divided further into prismoids having as bases boundaries 
of A and B of lower dimensions, giving ultimately pyramidoids 
of n dimensions, each with a (/ - i)-boundary of A and an 
(n - /)-boundary of B as bases. 

Now consider a section of the prismoid parallel to the ends 
and at a distance XA from A ; and in particular the section of 
the pyramidoid which has as bases the (p - i)-boundary a of 
A and the (« - /)-boundary d of B. This section is a polytope 
generated by moving a polytope d always parallel to itself so 
that one of its vertices moves over the whole boundary of a 
polytope y ; d being a polytope similar to a but of content 
(i - and U a polytope similar to b but of content 

- vb. The content of this section is thus proportional to the 
product (i - A)^ ■” *A" “* ^ab. Hence the content of the section 
of each region of the prismoid is represented by a polynomial 
of degree n - i. 

13. The Hypersphere. The content of a hypersphere of 
n dimensions, of radius a, is proportional to a’*, and we can 
write 


V„ - 

where K„ is some numerical function of n which is to be 
determined. Dividing the hypersphere into thin slabs by a 
series of parallel hyperplanes, since each section is a hyper- 
sphere of - i dimensions, we have 

Kn - i{d^ - x^) ^ dx, 

0 


V„ = = 
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Put X = a cos Q, dx ^ - a sin Bdd. Then 

K„ «= 2 Ki, — 1 1 sin** 

Jo 


2K« 


i.e. 


K„ = K„_. 




77“*. 


Also V2 =* TTC?, therefore Kj « tt. Hence we find 


and therefore 


m^+o’ 


y _ Tri-'a" 

“ + o’ 


When n is even, =» 2/«, 

V « ‘ 

and when n is odd, = 2w + i, 


— — , 

1 


^ _ 7r”*»«! (2a)'”* +‘ 

V aw + 1 — — 7 — • 

(2m + l) ! 


14. Surface-content of a Hypersphere. If the interior of 
a hypersphere is divided into concentric shells we have another 
method of finding the volume-content by integration. Let 
Sn = ^ be the surface-content of a hypersphere of n 

dimensions. Then 

V„ = K„a» = f Q,^-^dr = ic„a» 

Jo » 

Hence Q = and the surface-content is 


Sn = 

When n is even, = 2 fn, 

Sym =* 


27 T^^a^ ■" * 

mn) • 


2 ^m^8m - 1 

{m - I ) ! ' 
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when n is odd, 


2 m + I, 
Sam + 1 


27T^m \ (2ay^ 

(2m ) ! 


The following short table gives the volume and surface- 
contents of a hypersphere in space of n dimensions, n ^ 2 
to 7 : 


n. 

2. 

3* 

4* 

5. 

6. 

7. 

V„ 


-nai 

3 

2 

8 

^2^5 

15 

3 

o 

105 

— 7T«a« 

IS 

Sn 

2iTa 


2it^a^ 



Ex. Find the centroid of (i) the volume-content, (ii) the 
surface-content of a hyperhemisphere in S^. 

(Ans. Distance from centre, 


(0 


r\{n + 2) 
V + 3) 


00 


n(«) 


sjrtr\{n + l) 




15. Varieties of Revolution. If a hyperplane has « - i 
points fixed it has still one degree of freedom and can rotate 
about the (« - 2)-flat, which is determined by the n - \ points, 
as axis. A V„ _ j lying in the (w - i )-fiat will generate a 
V„ _ , of revolution ; every point of it describes a circle whose 
centre is the foot of the perpendicular to the axis from the given 
point, and any section by a plane perpendicular to the axis is 
a circle. Let the equation of the generating V„ _ , referred to 
n - 2 rectangular axes in the S„ _ , axis of revolution, say 
Xi, . . Xn-v and one other axis, _ „ be 

• • •> 

Then the equation of the V„ _ , of revolution is 


jr* 4- jr* 


■A^v 




This is called a variety of revolution of the first species. 

If we take next n - 2 fixed points, the hyperplane has two 
degrees of freedom, and every point will generate a sphere. A 
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V» _ I lying in the hyperplane will generate a V„ _ i of revolu- 
tion of the second species, whose equation will be of the form 

+ •*■« = f(.^v • ■ 

Generally, a Vn - i of revolution of species p is generated 
by a V„ _ p 1 rotating about an (« - / - i)-flat lying in its 
(n - /)-flat; every point generates a hypersphere of / + i 
dimensions. The equation of the variety of revolution is of the 
form 

n 

* •> — /) — i)* 

n — p 

A hypersphere of n dimensions is a variety of revolution of 
species « - i. If the generating variety is an - i)-flat 

the variety of revolution of species / is a quadric hypercone of 
species n - p - i. A quadric hypercone (of revolution) of 
species ^ is a variety of revolution of species n - r - i . 

l6. Content of a variety of revolution of species « - 2, 
generated by a curve 

— 1 ~ 


rotating about the axis of 

Dividing the content by hyperplanes perpendicular to the 
axis, each section is a hypersphere and the total content is 




Mn~i) 




4^)J. 


x^ ~ Wjr = 




W + IN 




The surface is similarly 

(« - l)7r««-*) rP 


■C-fJ) 


■f 


{f(x)}^^^~^yx. 


For a variety of revolution of species ~ i we have multiple 
integrals : 

where dSn - p is the element of surface of the generating variety. 



VIII. 17] MENSURATION. CONTENT 


139 


17. Extensions of Pappus’ Theorem. Consider first a 
variety of revolution of the first species. 



Let Xn ^ I he the distance of the centroid of the generating 
figure from the axis of rotation, then 



Let A be the content of the generating figure, then 



Hence 27 rx^_^A = V. 


Again, let S be the surface-content ot the generating figure, 
Xn ^ 1 the distance of the centroid of the surface from the axis 
of rotation, then 

Hence == 

= the surface-content of the 
figure of revolution, 

i.e. volume-content of a variety of revolution of the first species 
is equal to the product of the volume-content of the generating 
figure and the length of the path described by the centroid of this 
volume^ and 

The surface content of a variety of revolution of the first species 
is equal to the product of the surface-content of the generating 
figure and the length of the path described by the centroid of this 
surface. 

These results can be extended to varieties of revolution of 
any species / - i. Let 
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Then V 


rip 


_ f 

■ r(¥ + oJ 




\xi ^dx^ 


. . dx,,^_^dx^ 


2 tt 


\p 


xP~^A 

m) ^ 


where is the volume-content of the generating figure. 

Hence tAe volume-content of a variety of revolution of species 
p - I is equal to the product of the volume-content of the generat- 
ing figure and the surface-content of the hypersphere traced by the 
(f - i)th centroid of the generating figure. 

Again if 




p> 


‘'•I-P + 1 


then 




s = 


/tt 




Ip f 




2T7^P -j) - 1 Q 


i.e. the surface-content of a variety of revolution of species p - i is 
equal to the product of the surface-content of the generating figure 
and the surface-content of the hypersphere traced by the {p - l)th 
centroid of this surface. 
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CHAPTER IX 


EULER’S THEOREM 

I. Euler’s Polyhedral Formula. If F, E, V denote the 
nunmber of faces, edges, and vertices of a polyhedron, then, 
with certain limitations which are satisfied for “ ordinary ” types 
of polyhedra, 

F ~ E + V = 2. 

This famous theorem was published by Euler in 1752/3. Proofs 
of it are given in elementary text-books on solid geometry, but 
it will be well, before considering its extension to n dimensions, 
to consider it in some detail for three dimensions. Several dis- 
tinct types of proof exist, and the relations between these throw 
much light on the theory of polyhedra and polytopes. 

I. We shall begin with the commonest proof in which the 
polyhedron is built up, adding one face after another, until it is 
complete. This is similar to Euler’s own proof, which, however, 
proceeds by dissection instead of building up. 

Write F-E + V- i-<^. 

We assume that it is possible always to add new faces in 
such a way that every new face has only consecutive edges in 
contact with old faces. For the first face, an «-gon, say, we 
have F = I, E == /^, V = «, and therefore = 0 . When a 
second face is added, say an fn-%on having one edge common 
to the «-gon, we have Fs=2, E = + i, V = «4-w~2, 

and <l> again has the value 0, 

We can now prove by induction that, so long as the poly- 
hedron is incomplete, 0 . Assuming this for any stage of 
construction let an «-gon be added having m consecutive edges, 
and therefore m i consecutive vertices, in contact with the 

141 
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old ones. Then, unaccented letters referring to the one stage 
and accented letters to the next, we have F' « F + i, 
E' == E + (« - m), V ^ Y + (n - m - i), and therefore 
f = F-E' + V'-i-F-E+V-i«e^=0. 

When the last face is added, however, no new edges or ver- 
tices are added ; F' = F + i , E' = E, V' = V, and + i = i. 

Before examining this further we give three other alterna- 
tive proofs, of which the first two are valid only for convex 
polyhedra. 

II. Lhuilier and Steiner s Proof, Project the polyhedron 

orthogonally and we obtain a 
polygon covered twice over 
with a network of polygons 
(Fig. 37). This is always the 
case for a convex polyhedron 
since no line can meet its 
boundary in more than two 
points ; it may be possible to 
project a non-convex poly- 
hedron in this way by suitable 
choice of the plane of pro- 
jection. 

Let S be the sum of the angles of these polygons, and let 
the numbers of sides of the F faces be «i, wp. Then 

S = E{ni - 2) = (2E ~ 2F)7r, 

since Lni = 2E. But if the boundary polygon has n vertices, 
there are Y - n interior vertices, and we have also 

S = 2{n - 2)77 + (V - «)277 = (2V - 4)77. 

Hence 2E - 2F = 2V - 4, i.e. F ~ E + V == 2. 

III. Legendre's Proof. Project the polyhedron from an in- 
terior point on to the surface of a sphere of unit radius with this 
point as centre. Since for a convex polyhedron every ray from 
an interior point cuts the boundary once only, the sphere will be 
covered completely, once over, by a network of spherical poly- 
gons. The area of a spherical triangle with angles a, j8, y is 
(a + ^ + y - 77), and that of a spherical polygon of n sides 
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is ZoL - (n - 2 )rr, Hence the total area of the spherical poly- 
gons is 

47r = 27a - 27(«# - 2)7r. 

But i 7 a = 27 rV, hence again we get the same result 

IV. Fou Staudfs Proof. This proof is of quite a different 
character from the others, and does not admit of extension to n 
dimensions. We note in the first place that the edges of a poly- 
hedron are joins both of adjacent vertices and of adjacent faces. 
Suppose now a path, starting with any chosen vertex, is drawn 
along the edges, leading to every vertex (see Fig. 38). The 
path may branch anywhere, but must not include any closed 
circuits. The number of edges included in this path is 
clearly V - I. Now let another similar path be constructed, 
starting at one face and cross- 
ing the other edges, leading 
to every face. That it is 
possible to pass from any one 
face to any other face in this 
way follows since no face or 
group of faces is ring-fenced 
by the edges of the first path. 

Also there is only one path 
from one face to another, for 
if there were two, this double 
path would isolate a group of 
vertices and render the first path impossible. Hence the first 
path being chosen, the second is uniquely determined and crosses 
each of the edges left out of the first path. But the number of 
edges in the second path is F - i. Hence 

(V - I) + (F - I) = E, i.e. F - E + V = 2. 

The assumption made here, which we shall find to be an 
important one, is that any closed path consisting of edges of the 
polyhedron divides the polyhedron into two separate parts. 

2. Steiner’s and Legendre’s proofs show that Euler’s theorem 
is true for any convex polyhedron, but convexity is to a certain 
extent accidental, and a convex polyhedron might be trans- 
formed, for example by a dent or by pushing in one or more of 


o 
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the vertices, into a non-convex polyhedron with the same con- 
figurational numbers. Euler’s relation corresponds to some- 
thing more fundamental than convexity. Let us examine the 
condition which we assumed in the first proof, and the possi- 
bility of types of polyhedra which will necessarily violate this 
condition, and for which Euler’s equation may not be true. 

3. Connectivity of Polygons. We shall examine first the 
nature of the faces. We may dismiss the examination of the 
edges with the assumption that each edge is a simple line join- 
ing two separate points (consecutive vertices). A property of a 
convex polygon, which is true also for certain polygons which 
are not convex, is that any two interior * points can be con- 
nected by a path (curve or broken line) which is made up entirely 
of interior points. Such a polygon, or more strictly the interior 
region of such a polygon, is said to be connected. If, further, a 
simple line (not intersecting itself), joining any two points on 
the boundary and composed for the rest of interior points, divides 
the polygon into two separate regions, the polygon is said to be 
simply-connected. An example of a polygon which is not simply- 
connected is a ring-shaped polygon whose boundary consists of 
two separate polygons, one entirely within the other ; such a 
polygon is doubly-connected. If there are several inner poly- 
gons as part of the boundary the region is multiply-connected. 

4. Polyhedra with Ring-shaped Faces. Now clearly for 

a polyhedron which has one 
multiply-connected face the con- 
dition in Euler's proof cannot be 
satisfied, since this face has edges 
which are not consecutive. An 
example of such a polyhedron is 
one which is composed of two 
convex polyhedra having in com- 
mon the hollow of the ring-shaped 
face (Fig. 39). Separating these, 

and supplying the missing face to 
one of them, we form two convex polyhedra, for which to- 



* An interior point is characterised by the property that every ray from 
it meets the boundary in an odd number of points. 
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gether F - E + V = 4. Hence for the original polyhedron 
F-E + V==3. 

If the face has m holes in it, each connected with a separate 
convex polyhedron, we have F - E + V = 2 {ni 4- i)- m — 2 -^tm, 

5. Connectivity of Polyhedra. A region in general, of any 
number of dimensions, is said to be connected when any two 
points of the region can be connected by a path which consists 
entirely of points belonging to the region. A region of three 
dimensions is said to be simply-connected when it is divided into 
separate regions by every partition, consisting of a simply-con- 
nected region of two dimensions, whose boundary is a simple 
closed curve lying entirely in the boundary of the three-dimen- 
sional region. The interior of an anchor-ring is an example of 
a three-dimensional region which is not simply-connected. 

6. Ring-shaped Polyhedra. An example of a ring-shaped 
polyhedron is a picture-frame bevelled on both sides (Fig. 40). 



If this is divided by a partition such as ABCD, and two faces, 
with edges and vertices complete, are supplied to each side of 
the cut, it becomes simply-connected. Now, accents referring 
to the transformed polyhedron, we have 

F' => F + 2, E' = E + 2;^, V' = V + 2 n, 

Hence F - E + V = F' - E' + V' - 2 = 0, 

and ^ ~ I. If there are q such rings ^ = i - 2^. 

10 
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7. Polyhedra with Cavities. The boundary of an ordinary 
polyhedron is a simply-connected region of two dimensions; 
that of a ring-shaped polyhedron is connected, but not simply 
connected. We may further have a polyhedron whose 
boundary is not even connected, but consists of distinct parts. 
An example of this is a polyhedron with a cavity inside, having 
an outer and an inner boundary. It is therefore equivalent to 
two separate polyhedra, for each of which F - E + V has the 
value 2. Hence for the whole polyhedron F ~ E + V « 4, 
and = 3. If there are r separate cavities, 

F - E + V 2(r + i). 

8. Eulerian Polyhedra. The three cases just considered 
can be summed up in one statement. For a polyhedron with 
p ring-shaped faces, q rings, and r cavities 

F - E + V == 2 -f / - 2^ + 2r. 

A simply-connected polyhedron whose boundary is simply-con- 
nected is called an Eulerian polyhedron, sometimes a spheroidal 
(kugelartig) polyhedron, and for such polyhedra the relation 
F' - E + V = 2 is verified. The converse is not true, for a 
polyhedron may have a combination of singularities for which 
/ - 2^ 4- 2r == 0 ; for example, a ring-shaped polyhedron with 
two ring-shaped faces, a polyhedron with a ring-shaped cavity, 
and so on. 

9. Incomplete Polyhedra and Polytopes. We have now 
to extend Euler’s theorem to n dimensions, and we shall adapt 
the first form of proof, where we consider the polytope in process 
of construction. We have therefore to consider it both when 
complete and when in an incomplete state. When a simply-con- 
nected polyhedron is cut in two along a simply-connected polygon 
(in general skew) the two parts are incomplete polyhedra, each 
with one free rim. We may suppose that one of the parts takes 
with it the edges and vertices of the dividing polygon ; we shall 
call this an incomplete bounded polyhedron. The other part 
with no bounding edge will be called an incomplete marginless 
polyhedron, or a polyhedron with one null rim. For each of 
these the value of Ng - N^ -h Nq is i, the value of N^ - No for 
the dividing polygon being zero. Similarly when a simply- 
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connected polytope (Po)^ is severed along a simply-connected 
polytope (Po)^ __ 1 (not in general lying in an the two 

parts are incomplete polytopes, one bounded, the other 
marginless, 

10. Euler’s Theorem for Simply-connected Polytopes. 

We shall now prove by induction that for an Eulerian poly- 
tope (Po),, 

<f>n= - N,, _ o + . . . + ( - ' No + ( - l)^ « I, 

and for an incomplete bounded polytope with one free rhn has 
the value 0. 

Let us assume that these results are true up to « - i. 
Then for a single polytope (Po),^ _ ^ we have N„ _ ^ == i while 
N„_2 - . . . + (-)”“^Nq + (~ 1)"-^ = I, and therefore = 0. 
Let polytopes (Po)^^^ be built on, one at a time, so as to 
produce at any stage an incomplete bounded polytope (Po)^ 
whose margin is a simply-connected skew polytope 
When one more poly tope (Po),j_i is applied, we have then 
added an incomplete marginless polytope (Po)„_i; the value 
of N^_3 - N^_4 + . . . + for the margin is by 

our assumption equal to i - (~ hence the value of 

N^_2 “ N^_3 + . . . + (-~)”“’*No for the marginless polytope 
added is (- ly*' + i - ( - i)” “ * = i. We have therefore added 
I to and also i to N„_ 3 - N„ _ 3 + . . and therefore 

the value of remains unaltered and equal to i. The theorem 
is therefore proved. We have proved also that for a 7 t incom- 
plete marginless poly tope with one null rim 

N„-, - N,._, + ...+(- )»-* No = I. 

Ex. Prove that for an incomplete polytope with p free 
rims, = I - / ; ^rid for an incomplete polytope with q null 

rims, ^ I + ( - )V 

11. Other Relations Connecting the number of 
Boundaries. Euler’s equation connects the total configura- 
tional numbers of a polytope, without reference to the nature 
of the boundaries, triangular, quadrilateral, or otherwise. In 
addition there are relations connecting the numbers of boundaries 
of different forms. 

Let us confine our attention first to three dimensions. Let 

be the number of faces having n sides. The maximum 
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number of sides of a face is V - i, which occurs in the case of 
a pyramid only, and the minimum is 3. Hence 

F3 + F, + . . . + Fv_, = F. . . (ii-i) 

Let Vp be the number of vertices at which / edges meet. The 
maximum value of / is F - i , which occurs also only in the case 
of a pyramid, and the minimum value is 3. Hence 

V3 + V, + . . . + Vf_, = V. . . (112) 

Also, since each edge adjoins two faces, we have 

3F, + 4F, + . . . + (V - i)Fv_. = 2E; . (11-3) 

and since each edge joins two vertices, 

3V3 + 4V, + . . . + (F - i)Vp_. = 2E. . (ir4) 

We have also Euler's equation 

F - E + V = 2. . . . (n-5) 

Multiplying (i I - l) and (l l -2) each by 4 and subtracting the 
sum of (u -3) and (i i '4) we get 

(F, + V3)-(F, + V,)-2(F,+ V,)- . . . =4(F+V-E) = 8. 
Hence F, + V3 ^ 8. 

The tetrahedron, octahedron, and cube are examples of poly- 
hedra for which F3 + V3 = 8. 

Multiply (ii'i) by 3 and subtract from (ir3), and (ii'2) 
by 3 and subtract from (i i -4), and we get 

Pp = F^ + 2F3 + 3F3 + . . . + (V - 4 )Fv_, = 2E - 3F, 

Pv = V, + 2V3 + 3V, + . . . + (F - 4)Vp_, = 2E - 3V, 
whence 

Pf + Pv ~ 4^ ~ + V) = E — 6. 

For a triangular polyhedron pp = 0 and py E - 6; for a 
trihedral polyhedron pv = 0 and pp = E - 6. 

For a trihedral polyhedron we have 

3V « 2E and 2F = 4 + 2E - 2V = 4 + V ; 
also, multiplying (i i - l) by 6 and subtracting from (i i -3), 

3 F 3 + 2F, + F,-F,-.2F3 ~ - (V- 7 )Fv.i- 6 F- 2 E=i 2 . 

Putting Fg, F4, Fy, P'g, etc., = 0 we deduce that if a trihedral 
polyhedron has only pentagonal and hexagonal faces the number 
of pentagonal faces is 1 2. 
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Also for any polyhedron, subtracting (11*3) from 6 times 

3 F3 + 2F4 + F5-F^-2F3- . . . ~ (V~7 )Fv-i = 4 E-6V+ 12^12, 

since 2E ^ 3V. Hence there is no convex polyhedron whose 
faces are all hexagons or polygons with more than 6 sides. 

Ex. I. If a trihedral polyhedron has only quadrilateral and 
hexagonal faces show that the number of quadrilateral faces is 6. 

Ex. 2. If a trihedral polyhedron has only triangular and 
hexagonal faces show that the number of triangular faces is 4. 

12. In space of four and more dimensions the relations 
between the partial configurational numbers of polytopes become 
of great complexity owing to the great variety of polytopes 
of lower dimensions of which their boundaries are composed. 
There is also a new condition introduced on passing from three 
to four dimensions due to the necessity that two adjacent poly- 
hedra should have in common a face with the same number of 
sides ; a tetrahedron cannot be adjacent to a cube, for example. 
The corresponding condition in three dimensions involves only 
the equality of edges, which is a metrical condition and there- 
fore irrelevant from the point of view of analysis situs. A dis- 
tinction between odd and even values of n must be emphasised 
here also. When the dimensional number n is odd Euler’s 
relation is not homogeneous in the total configurational numbers, 
but when n is even the equation is homogeneous and gives 
only a relation between the ratios of the numbers. As the 
configurational relations are also homogeneous it would be 
impossible, in space of four dimensions, for example, to derive 
from these relations alone results relating to the actual numbers 
of boundaries of given type such as we found for polyhedra in 
three dimensions. 

13. We conclude this .section with some general theorems 
relating to simplex-polytopes and simplex-polycoryphas. 

In a simplex-polytope the boundaries of all dimensions are 
simplexes ; in particular the two-dimensional boundaries are 
triangles ; the three-dimensional boundaries are tetrahedra. In 
a simplex-polycorypha the angle-constituents of all dimensions 
are simplexes, i.e. through every {n - /)-dimensional boundary 
there are p boundaries of - i dimensions, pC,. boundaries of 
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n - r dimensions ; at every vertex there are n edges, no r of 
which lie in an {r - i)-flat. Hence an ^-boundary cannot have 
more than r edges at a vertex and must therefore be a simplex- 
polycorypha. Thus in a simplex-polycorypha the boundaries of 
all dimensions are simplex-poly coryphas. Similarly in a simplex- 
polytope the angle-constituents of all dimensions are simplex- 
polytopes. 

A simplex-polytope which is also a simplex-polycorypha is 
necessarily a simplex. But, further, a simplex-polycorypha 
whose boundaries o{ n - 2 dimensions are simplexes is also 
necessarily a simplex, for its {n - i)-dimensional boundaries are 
simplex-polycoryphas whose boundaries are simplexes, and are 
therefore simplexes ; the figure is therefore also a simplex- 
polytope, and therefore a simplex. By ind uction we can prove 
finally that a simplex-polycorypha whose two-dimensional 
boundaries are all triangles is necessarily a simplex ; and 
reciprocally, a siniplex-polytope which has just three (« - i)- 
dimensional boundaries through each boundary of n - dimen- 
sions is necessarily a simplex. 

14. Proofs of Euler’s Theorem in Four Dimensions by 
Consideration of Angles. Let us return now to examine 
whether Steiner’s and Legendre’s methods of proof of Euler’s 
theorem can be extended to higher dimensions. 

In space of four dimensions, projecting a convex poly tope 
orthogonally we obtain a polyhedron filled twice over with a 
honeycomb of polyhedra. Let N2, N^, Nq be the numbers of 
faces, edges, and vertices of the outer polyhedron, N3, Nj^, N^, 
Nq the numbers of cells, faces, edges, and vertices of the poly- 
tope, and N^*^ the number of faces of the various cells (/ == i, 
2, . . ., N3). Instead of plane angles we have to consider 
dihedral angles and polyhedral angles (solid angles at a vertex). 
A solid angle is measured by the area which it cuts out on the 
surface of a unit sphere whose centre is at the vertex, and the 
measure of the total solid angle at a vertex is taken to be 47r. 
Similarly a dihedral angle may be measured by the area which 
it cuts out on the surface of a unit sphere whose centre lies on 
the edge, and we shall take the measure of the total dihedral 
angle at an edge also 47r. Let now denote the sum of the 
dihedral angles of a polyhedron, the sum of the polyhedral 
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angles, and let S^, Sq denote the same for the outer polyhedron. 
We have then, summing for all the polyhedra into which the 
outer polyhedron is divided, 

rs'*) = 2S'i + 47r(Nj - N;), . . (I4-I) 

rsw = 2S; + 4^(N, - N;). . . ( 14 - 2 ) 

We have next to get a relation between Sj and Sq for any convex 
polyhedron. Construct a small sphere round any vertex A ; let 
oLq be the measure of the solid angle, and a^, . . . those of the 

dihedral angles at the edges through A. We have then on the 
surface of the sphere a spherical polygon of area a^, and angles 
a^, j8i. . . ., the measure of the angles being such that the total 
angle round a point on the surface of the sphere is 477 (not 2 tt). 
If n is the number of sides of this spherical polygon we have 

ao = - {n - 2 )tt. 

Summing for all the vertices we have 

= S'l*' - Sin - 2 ) 7 t. 

But Sn = 2N*i'*, hence 

- S[,‘> = 27rNl‘> - 27rN'/> = 27r(N.^‘> - 2 ). . ( 14 - 3 ) 

Subtracting equation (i4’2) from (i4'i) and applying (i4’3) 
to both accented and non-accented symbols, we have 

- 2)277 - (n; - 2)477 + 477 (n, - n, - n; + n;). 

But = 2N2, hence, dividing by 477 wc have 

N2 - N3 = n; - 2 + N, - N, ~ xn; + n; 

therefore 

N3 - N2 4- Nj - N, = 2 - n; 4 - n; - n; = 0, 

by Euler’s theorem in three dimensions. 

Legendre’s proof is still more easily extended. Projecting 
a convex polytope from an interior point O on to a unit hyper- 
sphere with centre O, the hypersphere is divided into a honey- 
comb of spherical polyhedra. The relation between the angle- 
sums of a spherical polyhedron is the same as for a euclidean 
polyhedron, viz. : 

Si - So = 27 r(n.^ - 2), 

where is the number of two-dimensional faces 
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Summing for all the cells of the honeycomb we have 
477 Nj - 4 ^Nq == 27 r 27 (« 2 ^ - 2) 

= 47rNj - 47rN3. 

hence N3 - N2 4- N^ - N^ = 0. 

This connection between Euler's equation and angle-sums 
can be extended to n dimensions. Euler's equation for (Po)^ is 
definitely connected with a relation connecting the angle-sums 
of a (Po)^ _ 1 in spherical space. 

15. Measurement of ^-Dimensional Angles. We have 
first to explain the different species of angles and their measure, 
and it is necessary to consider non-euclidean as well as euclidean 
geometry. In a plane there is just one species of angle, the 
plane angle. With the radian as unit, the complete angle at 
a point is 27 r, and the measure of a right angle is ^tt. This is 
true both in euclidean and in non-euclidean geometry, although 
in the latter case the unit angle cannot be defined as the angle 
subtended by an arc equal to the radius, for in non-euclidean 
geometry the ratio of the circumference to the radius is not 
constant. However, for any given angle it is true, both in 
euclidean and in non-euclidean geometry, that the ratio of the 
arc to the whole circumference, or the ratio of the sector to the 
area of the whole circle, is independent of the radius. This 
ratio therefore affords a measure for a plane angle in non- 
euclidean as well as in euclidean geometry, and 27 r times this 
measure is the ‘‘radian" measure. 

In three dimensions there are, in addition to the plane 
angle, two species of “ solid " angles : dihedral angles, or angles 
at an edge ; and polyhedral angles, or angles at a vertex. To 
measure a solid angle, let O be the vertex, or, in the case of a 
dihedral angle, any point on the edge ; and construct a sphere 
with centre O. The plane boundaries of the angle cut out a 
certain area on the surface of the sphere, and, both in euclidean 
and in non-euclidean geometry, the ratio of this area to the 
whole surface of the sphere is independent of the length of the 
radius. The unit of solid angle is chosen so that, in the case 
of euclidean geometry, the measure of the angle is equal to the 
ratio of the area cut out on the surface of the sphere to the 
square of the radius ; the measure of the complete solid angle, 
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at a vertex or at an edge, is then 477. We may therefore 
define the “radian" measure of a solid angle, in euclidean or 
non-euclidean geometry, as 411 times the ratio of the area cut 
out on the surface of the sphere to the whole area of the sphere, 
or 47r times the ratio of the volume of the sector to the whole 
volume of the sphere. 

In spherical or elliptic geometry, where the whole of space 
is finite, there is another way of defining the radian measure. 
Consider first spherical geometry of two dimensions which is the 
same as the geometry on a sphere, great circles taking the place 
of straight lines. The angle at a point, the angle between two 
great circles, can be measured by the ratio of the area (lune) 
enclosed between the two great semi-circles to the whole surface 
of the sphere. If k is the radius of the sphere, or the “ space- 
constant ” of the spherical space, the whole area of the two- 
dimensional space is In radian measure the whole angle 

at a point is 277, hence in spherical geometry of two dimensions 
the angle between two rays is equal to the ratio of the area 
enclosed between the two rays to 2 /fel 

Elliptic geometry differs from spherical geometry in the 
circumstance that antipodal points always coincide. The whole 
area of the elliptic “plane" is 277^^ Two rays which proceed 
from a point O do not meet until they return to O. The angular 
region enclosed between two opposite rays comprises the whole 
of the elliptic plane, and the radian measure of this angle is 77. 
Hence, as in spherical geometry, the radian measure of a plane 
angle in elliptic geometry is equal to the ratio of the area en- 
closed between the two rays to 

In n dimensions there are n - i species of angles : angles 
at a point, a line, a plane, . . ., an (« ~ 2)-flat, or, enumerating 
them in the reverse order, angles bounded by 2, 2, 

n- ij ov more than n - i hyperplanes. In euclidean geometry 
we define the radian measure of an ^-dimensional angle as the 
ratio of the surface-content cut out of a hypersphere whose centre 
is on the axis (vertex, edge, etc.) to the {n - i)th power of the 
radius. The surface-content of a hypersphere of radius k in 
n dimensions is “* ^277*7 Hence the radian measure of 
the complete angle at a point, or an edge, etc, is 277*7 A^^)* 
Hence, in both euclidean and non-euclidean geometry, the radian 
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measure of an ^-dimensional angle is 27 T^^ir(in) times the ratio 
of the surface-content cut out of a hypersphere whose centre is 
on the axis to the surface-content of the whole hypersphere ; 
or the corresponding ratio of volume-contents. In spherical 
geometry, taking the hypersphere in the extreme case when it 
occupies the whole of space, whose volume-content, which is the 
surface-content of a hypersphere of radius k of n + i dimen- 
sions, is + i)}, the radian measure of an angle 

is 27 T^^ir(^n) times the ratio of the volume-content enclosed by 
the bounding hyperplanes to 277^^^^ + + OK equal 

to the ratio of this volume-content to i)}ir(hn). 

This holds also for elliptic geometry. The radian measure of 
the complete angle is 27r^^/jr(^«), and the total volume of 
spherical space is 27r*(^‘ + + i)}. 

16. Relation Between the Area and Angle-Sum of a 
Spherical Triangle. We proceed now to investigate the re- 
lations connecting the angle-sums of a simplex in spherical 
geometry with space-constant k. 

For two dimensions we have the familiar relation connecting 
the sum of the angles and the area of a spherical triangle. Let 
V be the area, and a, y the radian measures of the angles, the 
complete angle at a point being 2 tt . We have (Fig. 41) 

area of lune ABA'C 
whole area of spherical surface 

Now the six lunes ABA'C, AB'A'C', etc., cover the whole sphere 
once with the exception of the interior of the triangle ABC and 
the antipodal triangle A'B'C' which are covered three times. 

Hence the sum of the areas of the six lunes 

= 47rX:^ + 4V 
= 2}i ^ . 22’a. 

Hence 

V = (2:a - tt). 

17. Angular Regions of a Simplex. The same method 
can be applied to a simplex in spherical space of n dimensions. 
The n -i- i hyperplanes which form the faces of the simplex 
divide the whole spherical space into 2 '^ + ^ regions, which occur 
in pairs of antipodal regions. Each of these regions is the in- 



IX. 1 8 ] 


EULER’S THEOREM 


155 


terior of a simplex. Denote the vertices of the chosen simplex 
by o, I, . . n, and those of the antipodal simplex by 
o\ i', . . n\ Then the vertices of each of the 2”+^ sim- 
plexes are represented by the «+ i digits o, i, . . with or 
without accents. It is convenient to represent the interior of 



each region by the unaccented figures alone. Thus the anti- 
podal regions (o'i2 ...//) and (oi'2' will be repre- 

sented by (i 2 . . . and (o) respectively ; this indicates their 
relationship to the given simplex as standing on an {n - i)- 
dimensional boundary and a vertex respectively. (oi . . . «) 
is the interior of the chosen simplex, and ( ) that of the 

antipodal simplex. 

The number of regions of the type (oi . . . r), standing on 
an r-dimensional boundary, is „ ^ ^ ,, and there are the same 

number of regions of the type (r + i, • • w). When n is 

even, antipodal regions are always of different type, but when n 
is odd the antipodal regions {oi . . . - i)} and + i) . . . «} 

are of the same type, both standing on boundaries of ~ i) 
dimensions. Any region of type (oi . . . r) will be denoted 
by [r + i]. 

l8. We have now to consider the angular regions. A 
single hyperplane 123 ... divides space into two regions ; 
that which contains the interior of the simplex will be taken 
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as the positive side or interior and denoted by a„ . . . the 
other region, which is antipodal to this, will be called the co- 
interior and denoted by a', _ Two hyperplanes 123 
and 023 . , . n determine an angular region whose interior is 
that which contains the interior of the simplex and will be 
denoted by aag . . . „ ; the co-interior, which contains the an- 
tipodal simplex, will be denoted by a'3 _ ; and so on. Thus 

^pqr . . . represents an angular region whose axis is the boundary 
of the simplex determined by the points r, . . . „ 

can be taken to mean the whole of space = S ; ^12 . . . n == 
a will be taken to mean the volume V of the simplex, a that 
of the antipodal simplex. 

The angular region n contains all the regions 

[k] whose symbols include all the digits o, i, . . ., r which 
+ 1, . . M n does not contain ; i.e. it contains the following 
regions : — 

the simplex (01 ... ^), 

n ~ rCi regions on (n - i )-dimensional boundaries, whose 
symbols are formed with n of the digits 0,1, . . ., « 
always including 0,1, . . r ; 

n ~ rQ regions on (n - 2)-dimensional boundaries, and so 
on, up to the region (01 ... r) on the r-dimensional 
boundary. 

The number of angular regions of the type 4. 1, . . n 

C — C 
n + iW + 1 “ n + — r 

We have next to consider the sums of the angular regions 
of the same type. Let i 7 [^] be denoted by A,., so that 
denotes the volume of the simplex V, and A^ the (equal) 
volume of the antipodal simplex. Let A' denote the sum of 
the regions antipodal to those which compose A,.. Then 
A' 4. 1 == - n t>oth in total content and in separate parts, 

and Ay_^i = A,j _ y in content. 

Let UoLqi the summation extending to all angular 

regions with r + i suffixes, be denoted by and ^ ^ 

by i 7 '. 27 a( = a) may be denoted by i 7 _i, so that U — Y. 

n = <^01 n ^ ^ whole Content of space S. 

; ; ; , = + os == + i)z^. 

19, N ow a given region [s] (s ^ n - r) is contained in each 



IX. 20] 


EULER’S THEOREM 


157 


of the angular regions of type aoi . . . y whose suffixes contain all 
the n + i - s digits which are not included in the symbol of 
[j], and the number of these angular regions is _ r ; hence 
in the sum 2'aoi . , . y each region [s] occurs _ y times* Hence 

~ w -j- i^n — r^n 4 - 1 "t* rS^7i — r^n + • . • "i* n — r^7i — r^n — r 

~ n + iLy ^ jV + TlLyAj + . . . + _ yCoA,. ^ J. 

Thus, putting r = o, i, we have the following n -f i 

equations in Ai, . . A„ : 

^0 — n + iCiV + Aj, 

-^1 ~ n + iQV + nQAj + A.^, 


— 1 ^ n + iL/jV + 7 i^n — lAj + _ i^n — 2'^2 “t . . 

= V + Aj + Aa + . . . + A„ + V. 

Also the relations 


+ A„ 


Ay+I - A;»^y (^=0, I, . . I Or ~ I )) 

supply or ^(n + i) further equations, according as n is even 
or odd. Hence by eliminating the A’s we get, connecting the 
volume V and the sums of the angular regions in + i or 
i(n + i) relations, i.e. [in] + i, where [in] denotes the in- 
tegral part of in. 

20 . Relation between the Volume and Angle-sums of a 
Polytope. One of these relations is 

. +(-^2:0 = V + (-rV, 

as is easily verified since the coefficient of A„_,. is (i - = 0. 

The other relations will not be required. 

We shall now prove that this relation holds not only for 
simplexes, but for any polytope which can be divided into 
simplexes. Consider first a simplex-polytope and divide it 
centrally ; i.e. take any point in its interior and join it to all 
the vertices. We assume that the joining rays lie entirely 
within the polytope, and the polytope is thus divided into 
simplexes. Let denote the sum of the angular regions at 
the ^^-boundaries for the polytope and the corresponding 
sum for a constituent simplex ; V the whole volume and V' 
that of a constituent simplex. Then 
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~ 1 ~ - 1 + 

- 2 ~ — 3^ft’ 


= i:, + n^„. 

2’Z'o = 2*^ 4- 2^, 

2V' == V. 

For each constituent simplex 

2;-2;_, + . . . + (-r2; = r + (-rv'. 

Hence 

2;(V' + (-m = {N,_,-N,_, -f . . 'N, + (-in2, 

But by Euler’s theorem the coefficient of 2„ = i, hence 

2, - 2 _, + . . . + = v + (-rv. 

Next consider any Eulerian polytope ; take any r-bound- 
ary and divide it centrally. Let be the volume of the 
angular region at that r-boundary as edge ; 2^, the sum of the 
angular regions at an .r-boundary for the given polytope and 
2' that for the transformed polytope. Then 

2' - 2„ (i* - - I, . . r 4- i) 

2;=2,4-(N,_,,,- i)a„ 

2' = 2^ 4- ,.a^, (i* r - I, r - 2, . . ., i) 

-^0 = -^0 

V' = V. 

Hence 2;-2;_,4-. . . 4- (-r2; 

= 2,-2„_,4-. . . + (-)--^2, 4-. . . + (-r2, 

4- 4-. . .4-(-7-"^N,,, + (~ ly - i}a. 

But the given r-boundary being assumed to be an Eulerian 
polytope, 

. + + i7 = i. 

Hence the expression 2„ - 2,^ _ j 4- . . . 4- ( - )'2o is not 
altered by this transformation. If now all the boundaries of the 
polytope, of all dimensions, are divided centrally, the polytope 
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is transformed into a simplex-polytope. Hence the relation 

~ - 1 + . . . + ( - )'‘ 27 „ = {l + (- l)’*}V (20'l) 

is true for any Eulerian polytope in spherical hyperspace. 

21. Now let Sr denote the sum of all the angles at r-dimen- 
sional edges expressed in radian measure, so that 


Sr. k 




+ or 

+ ■) 


y — An 

” r{i(«+i)r 

1 “ ^n—i 


(r = o, I, . . n - 2) 


Then equation (20-1) becomes 
k 


_ 2 ““ _ a + • • + ( "■ ^ 

-TArt/l-O + C- O-IV. . . (21 -I) 


This relation is true for any Eulerian polytope in spherical or 
elliptic space of n dimensions. In euclidean space k co and 
the equation reduces to 

77 ^'*' 

Syi _ o — S,i _ a + . . . + ( — /J, — 1 "" 2). (21*2) 


In hyperbolic space k is purely imaginary. Replacing k by ik 
when n is even we have 


- /fe»{s„_., - s, . + (-)'*S. -H - N„_o} 

= “r/r v/'Mi + (- I)'‘(V . . (21-3) 

When n is odd the right-hand side vanishes ; hence in this case 
equation (21-2) is true in both euclidean and non-euclidean 
geometry. 

Ex. I. If ay is the solid angle at a vertex and the 
dihedral angle at an edge, show that for the regular tetrahedron, 
cube, and dodecahedron - 2aQ = 27 r, for the octahedron 
2 oli ~ ao == 27 t, and for the icosahedron Sa^ - 2 olq = dm 
Ex. 2. For the regular polytopes in S4 prove that 
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CHAPTER X 


THE REGULAR POLYTOPES 

I. The regular polyhedra have been famous from the time of 
the Greek geometers, and it will be well, before considering the 
corresponding figures in higher space, to examine these more 
familiar figures in some detail. Each is characterised by two 
conditions : ( i ) its faces are regular polygons with the same 
number of sides, the lengths of the sides being therefore all 
equal ; and (2) there are the same number of faces and edges 
at each vertex. It can be proved that the vertices are then 
also necessarily regular, i.e. not only the face-angles but also 
the dihedral angles are all equal. Notice that condition (i) by 
itself is not sufficient ; e.g. two equal regular tetrahedra placed 
base to base form a polyhedron whose faces are all equilateral 
triangles, but it is nevertheless not a regular polyhedron. From 
the point of view of morphology, or analysis situs, the regular 
polyhedra are special forms of a more general class, the homo- 
geneous polyhedra, with which they are isomorphic. Thus the 
regular tetrahedron is isomorphic with the general tetrahedron, 
the fact that the faces are all equilateral triangles being an 
unnecessary accident. To determine the homogeneous poly- 
hedra we leave out the condition that the faces are regular 
polygons and define them by the two conditions : (i) each face 
has the same number, n say, of edges or vertices, and (2) each 
vertex has the same number, p say, of edges or faces. 

2 . Polyhedral Configurations. A homogeneous poly- 
hedron is therefore a particular type of configuration which is 
characterised by a matrix of the type 


N„ 

2 

n 


Ni 

n 

P 

2 

N, 
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The two numbers N02 = = n (the number of sides or vertices 

of the polygons), and = N20 == p (the number of edges or 
faces at a vertex), are called its fundamental numbers. 

We have then the relations 


/No == 2N1 = «N 2 , 

and Euler’s formula 

N2 - N, + No = 2 ; 

whence No = 2 n\ Nj = np\ Ng = 2/A 


where 


A = 


2 

2 {n + /) - np' 


3. Elliptic, Euclidean, and Hyperbolic Types. There are 
now three cases. 

(i) If the polyhedron is finite, A must be finite and positive, 
hence 


The smallest value of n is 3, and then / < 6 ; for = 4, / <; 4 ; 
for « == 5i / <! 4 J for « ^ 6, / < 3, but 3 is the least value of 
/. Hence we have just the five cases 


n 

3 

3 

3 

4 

5 

p 

3 

4 

5 

3 

3 


(ii) If 2 {n +/)-«/ = o, A becomes infinite, and we have 
an “ open” polyhedron. The only cases here are 


n 

3 

4 

6 

p 

6 

4 

3 


(iii) If 2 {n + /) - np no configuration appears at first 
sight to be possible. We shall examine this presently. 

In the first case the polyhedron may be represented iso- 
morphically by a configuration of No points on the surface of a 
sphere, and if the edges are replaced by arcs of great circles we 
have a network on the sphere having Ng meshes, Nq nodes, and 
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Nj edges. If S denotes the sum of the angles of a spherical 
«-gon, its area = {S - (« - 2 ) 7 r}r*, where r is the radius of the 
sphere. 

Now = 2 itNo, 

and /Ng = 2N1 = wNj. 

Hence the total area of the meshes is 

{ 2 N 0 - (« - 2)N2}jr^ = 

tl 


If 2{n 4- /)-«/ = o, either r, or Nq (and therefore Nj and 
N2), or both r and Nq, must become infinite. If r is infinite the 
sphere becomes a plane. If r is finite the meshes become inde- 
finitely small, and euclidean geometry applies to them since now 
S = - 2)77. In either case then the configuration can be 

represented by a network on the euclidean plane. 

If 2 {n + p) - «/ <; o we would have to postulate a sphere 
of imaginary radius, since must be negative. Now the 
formulae of spherical trigonometry, when the radius becomes 
purely imaginary, are still real ; e.g. the radius being tk, the 
formulae 


cos A = tan _ cot — 
tk tk 

cos A = sin B cos ~ 
tk 


are equivalent to cos A = 


tanh - coth ~ 
k k 


cos A = sin B cosh - 
k 


and similarly for the others, and the latter are the trigono- 
metrical formulae which hold in the non-euclidean geometry of 
Lobachevsky, or hyperbolic geometry; the former, for a real 
radius (replacing ik by k') being the trigonometrical formulae 
for spherical or elliptic geometry. 

Case (iii) can then be represented by a network on the 
hyperbolic plane, case (ii) by a network on the euclidean plane, 
and case (i) by a network on the elliptic plane.* 


* In hyperbolic geometry there are three types of spheres : spheres of 
real radius, like ordinary spheres ; spheres of infinite radius, which are not 
planes but the so-called “ limit-surfaces,” which correspond conformally to 
euclidean planes ; and spheres of unreal radius, surfaces equidistant from 
a plane, “equidistant-surfaces,” which include the plane as a particular 
case. Thus in hyperbolic geometry all three types of networks can be 
represented. 
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4. The following table is a summary of the homogeneous 
plane networks, where and are written instead of n and p. 




h. 

i,. 

N,. 

Ni. 

N,. 


Tetrahedral . 

3 

3 

4 

6 

4 

0 

Octahedral 

3 

4 

6 

12 

8 

.a 

Hexahedral (cubical) 

4 

3 

8 

12 

6 


Icosahedral 

3 

5 

12 

30 

20 


Dodecahedral . 

5 

3 

20 

30 

12 

a 

a 

Triangular . 

3 

' 

6 

I 

: 3 

: 2 

Ti 

*'5 

Hexagonal . 

6 

3 

2 

i 3 

: I 


Square . 

4 1 

4 

1 

: 2 

: I 

u 


3 

>6 

6 

: 3^t 

: 2/^2 

1 


4 

>4 

4 

: 2ki 

: ^2 


5 

>3 

10 

: 5/fj 

: 2^2 

a 


6 

>3 

6 

: 

• ^2 



>6 

^3 

2ki 

: kiki 

; 2^2 


5. The five elliptic networks correspond to the five regular 
polyhedra. The octahedral and hexahedral networks, the 


Tetrahedron. 



icosahedral and dodecahedral, are reciprocals, the values of 
and ^0 Ng, being interchanged, Nj having the same value 
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for both. The tetrahedral network is self-reciprocal. So also 
the triangular and hexagonal networks are reciprocal, and the 
square network is self-reciprocal. 

The spherical (elliptic) networks are most conveniently 
represented by the Schlegel diagrams which represent the cor- 
responding polyhedra. 

The following diagrams are the exact stereographic projec- 
tions of the spherical networks, the centre of projection being 
at the centre of a mesh. All great circles are represented by 



Fig. 43. — Stereographic projections of the regular spherical networks. 


circles. On each diagram is represented also the reciprocal 
network with dotted lines. 

6. Homogeneous Polytopes in n Dimensions. We have 
next to consider the corresponding problem in space of higher 
dimensions. A homogeneous polytope of n dimensions, like 
a homogeneous polyhedron in three dimensions, is characterised 
by two conditions. The first condition is that its ~ i)- 
boundaries or face-<onstituents are homogeneous polytopes^ of n - \ 
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dimensions^ all of the same form. The second condition cor- 
responds to the fact that a homogeneous polyhedron has the 
same number of edges at each vertex, but the condition is not 
quite so simple. If the elements which pass through a given 
vertex O are cut by a hyperplane not passing through the 
vertex, the section is a polytope of « - i dimensions in which 
any boundary of r - i dimensions is the section of an r-boundary 
through O of the given polytope. This is a vertex- or angle- 
constituent. The second condition is then that all the angle- 
constituents are homogeneous polytopes of the same form. 

To form a homogeneous polytope of n dimensions we have 
therefore to choose for the face, and angle-constituents two 
homogeneous polytopes oi n - i dimensions. But we shall 
see that these two polytopes cannot be chosen independently. 

7, The Eleven Homogeneous Honeycombs in Three 
Dimensions. Let us confine ourselves for the present to four 
dimensions. We have at our choice five homogeneous polyhedra 
of three dimensions : tetrahedron, hexahedron, dodecahedron, 
with 3 edges at a vertex ; octahedron with 4 ; and icosahedron 
with 5. If the face-constituent is a tetrahedron, hexahedron, or 
dodecahedron, the angle-constituent must have triangular faces, 
and must therefore be either a tetrahedron, an octahedron, or an 
icosahedron. If the face-constituent is an octahedron, the 
angle-constituent must have quadrilateral faces, and can only 
be a hexahedron. If the face-constituent is an icosahedron, the 
angle-constituent must have pentagons for faces, and can only 
be a dodecahedron. There are thus not more than eleven 
possible cases. These correspond to homogeneous honeycombs 
in space of three dimensions. We shall express these conditions 
in a more convenient form. 

8. Configurational Numbers. A homogeneous polytope 
of four dimensions is a configuration, and we shall employ the 
usual notation for its configurational numbers : N^^ == the number ot 
/-boundaries incident with a given ^-boundary, N^^ or N^ = the 
total number of /-boundaries, ^N^^ = the number of /-boundaries 
passing through a ^-boundary and lying in an r-boundary. 
Denote the configurational numbers of the face-constituents by 

and those of the vertex-constituents by 
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Npg — (/ <C ^ <C 3)» 

Npa == Fjp = 0, I, 2 ). 

~ Vp iP ^ ^ ^ 0), 

Njjo ~ Vp _ 1 ~ L 3)* 

Now in each 3 -dimensional boundary the number of lines or 
planes through a point is F^o or F20 ; and (what is the same 
thing) of the elements through each vertex the number of lines 
or planes in each 3 -dimensional boundary is V02 or V12. Hence 
Flo = F20 =» V02 = V12; and if the fundamental numbers of the 
face-constituents are F02 = F12 == N02 = N12 = and Fio = F20 
= 3N10 = 3N20 = those of the angle-constituents are V02 
= Vi2 = >t2 Vio = V2o== N2 i= N3i= ^3. The three numbers 

'^2) ^3 be called the fundamental numbers of the four- 
dimensional configuration. 

= the number of vertices or edges of a polygon, 

k,i = the number of edges or planes through each vertex of 
a polyhedron, 

= the number of planes or 3 -dimensional boundaries 
through each edge. 

9, We shall consider only poly topes whose faces and 
angles are all finite configurations, so that only the 5 elliptic 
types in three dimensions are available for their construction. 
The possible values of are then 

333, 334, 335 ; 343, 353 ; 433, 434, 435 ; 533, 534, 535- 
But, just as in three dimensions, they may be of three types : 
elliptic, euclidean, or hyperbolic. 

This is a metrical distinction, and the discrimination can be 
most readily effected by considering the special case of regular 
polytopes. We can then distinguish them by the number of 
cells or 3-dimensional boundaries which meet at an edge. 
These are as follows : — 

3, 4, or 5 tetrahedra, hexahedra, or dodecahedra, 

3 octahedra, or 3 icosahedra. 

It is necessary therefore to determine the dihedral angles of 
the regular polyhedra in euclidean space of three dimensions. 
Let Aq, Bo, Co, . . . (Fig. 44) be the vertices of one face of 
a polyhedron whose fundamental numbers are Let be 


X. 9] 

Then 

and 

Also 

and 
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the mid-point of an edge through Co, Cg the centre of a face 
through CqCi, and Cs the centre of the polyhedron. The 
angle CoCgCi == tt/^i ; let Z.C1C0C2 = 61, ZC2C1C3 =* d^. Draw 
a unit sphere round Cq ; the edges and faces through Cq cut this 
in a regular spherical polygon of sides ; 6^ is half the length 
of its edge, and $2 half the magnitude of its angle, while Tr/^g 


0 

Fig. 44. Fig. 45. 

is half the angle which an edge subtends at the centre. Hence 
by spherical trigonometry (Fig. 45) 

cos = sin 62 cos = sin flg sin Trjki, 

which determines the dihedral angle 262 of the polyhedron. 

By calculation we find the following table : 







Possible 


ii. 

h. 

cos 2$2> 

2^2. 

Values 






of ks. 

Tetrahedron 

3 

3 

i 

70-5" 

3. 4, or 5 

Octahedron . 

3 

4 

-i 

109-5 

3 

Hexahedron . 

4 

3 

0 

90 

3 , ( 4 ) 

Icosahedron . 

3 

5 

^5 

3 

138-2 

— 

Dodecahedron 

5 

3 

Vs 

s 

II 6-6 

3 


10. The Six Regular Polytopes in Four Dimensions. 

Hence closed polytopes are possible only with 3, 4, or 5 tetra- 
hedra at an edge, or 3 octahedra, 3 hexahedra, or 3 dodeca- 
hedra. 4 hexahedra at an edge completely fill up the space, 
like 4 squares in a plane ; this produces in euclidean space a 






X. II] 


THE REGULAR POLYTOPES 


169 

regular honeycomb of cubes, 4 at each edge and 8 at each 
vertex ; this is the only regular honeycomb in euclidean space 
of three dimensions. 

As the regular polyhedra correspond to regular networks 
on the sphere, so the regular polytopes correspond to regular 
honeycombs on the hypersphere, and regarding the hypersphere 
as an elliptic space of three dimensions, we have six homo- 
geneous honeycombs in elliptic space. Their fundamental 
numbers are 333, 334, 335, 343, 433, 533 ; two are self-recipro- 
cal : 333 and 343 ; the others are in reciprocal pairs: 334 and 
433. 335 and 533 . 

The remaining four cases 534, 535, 435, 353, corresponding 
respectively to 4 or 5 dodecahedra, 5 hexahedra, or 3 icosa- 
hedra, at an edge, give homogeneous honeycombs in hyperbolic 
space. 

II. We have now to determine for the regular polytopes 
the values of N^, N^, Ng, N3. We have the configuration 


No 

2 

kx 

2 k^kyi 

2 ^2^23 

N. 

k\ 

kik^ki^ 


h 

No 

2 k^kyi 

2 

k^ 

2 

Ns 


where 

. ? . 

2{k., + >^3) - kk; 

Now (chap, vii (4, i)) 

N 0^2^28 ~ N 1^3 = N2^1, N2 =“ N3^2^12* 

Hence 

No:Ni:N 2 :N 3 = • >^2^3^12^23 • '^ 3 '^ 23 * 

For the regular polyhedra in three-dimensional space the 
values of No, N^, N2 were determined by Euler’s equation 
No “ Nj + N2 = 2. In four dimensions, however, Euler’s 
equation is Nq - N^ + Nj - N3 == 0, which is homogeneous, 
and therefore fails to determine the absolute values of the 
numbers, and only their ratios are as yet determined. These 
ratios are shown in the following table, which gives a list of all 
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the homogeneous honeycombs in space of three dimensions, 
elliptic, euclidean, and hyperbolic. 



To determine the absolute values of No, Nj, Ng, Ng for the 
regular polytopes in S4 we shall actually build up the figures. 
Each polytope can be identified by its fundamental numbers 

12, (333). The cells are tetrahedra, 3 at each edge, 4 at 
each vertex. 

Starting with a central tetrahedron, place a tetrahedron on 
each face. This covers also the edges and the vertices, since 
there are now 3 at each edge and 4 at each vertex. We have 
now 5 tetrahedra, 10 triangles, 10 edges, and 4 vertices, and all 
the triangles and edges are covered. The 4 new edges must 
therefore meet in one remaining vertex and the figure is com- 
pleted (5, 10, 10, 5). It is therefore a simplex or 5 -cell. 

(433). The cells are cubes, 3 at each edge, 4 at each vertex. 

Starting with a central cube we add a cube on each face, 
thus covering the edges and the vertices. Each new cube has 
one old face, four common to two new cubes, and one face free ; 
four old edges, four common to three, and four common to two ; 
four old vertices and four common to three. Hence we have 
added 6 cubes, (2 + 1)6 = 18 faces, + 3)6 = 20 edges. 
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and X 6 =» 8 vertices ; and we have now 7 cubes, 24 faces, 
32 edges, and 16 vertices, i.e. (7, 24, 32, 16). The outer 
boundary of the figure is again a cube, with 2 at each edge and 
3 at each vertex, and one more cube, without any new faces, 
edges, or vertices, completes the figure (8, 24, 32, 16). (See 
Fig. 55, p. 178.) This is called the hexahedral 8-cell, or 
simply the 8-cell, as it is the most important figure with 8 cells 
in space of four dimensions. Other special isomorphic forms 
are the parallelotope, the analogue of the parallelepiped, and 
more specially the rectangular parallelotope or orthotope. 

(334). This is the reciprocal of the 8-cell and can be obtained 
from it by taking as vertices the centres of the eight cells. The 
centres of the four cells at a vertex are the vertices of a tetra- 
hedron ; the centres of the 3 cells at an edge form a triangle ; 
and the centres of two cells with common face are the ends of 
an edge. Hence to each vertex of the 8-cell corresponds a 
cell ; to each edge, a face ; to each face, an edge ; and to each 
cell, a vertex. The figure is therefore a 16-cell (16, 32, 24, 8). 
This is the analogue of the octahedron. 

(343). The cells are octahedra, 3 at each edge, 6 at each 
vertex. 

Let us start with 6 octahedra at a vertex. The outer 
boundary is then of the form of a 
cube with a pyramid on each face, 
represented by the Schlegel diagram 
(Fig. 46). At each of the cubical 
edges (thick lines) there are two 
octahedra, and at each of the cubical 
vertices three ; at each of the octa- 
hedral edges and vertices there is just 
one. Each octahedron has four free 
faces, and four common to two octa- 
hedra ; four free edges, four common to two octahedra, and 
four common to three octahedra ; one free vertex, four common 
to three octahedra, and one common to six. Hence we have 
so far 6, octahedra 6(4 + 2) = 36 faces, 6(4 -h 2 -h |) = 44 edges, 
and 6(1 + 1 + 1) = 15 vertices, i.e. (6, 36, 44, 15). 

At each of the cubical edges we have to add one octahedron. 
We have then 6 at each cubical vertex, 5 at each octahedral 
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Fig. 47. 


vertex, and 3 at the octahedral edges, so that only the octa- 
hedral vertices remain uncovered, while new vertices, with three 

octahedra at each, appear in place 
of the old cubical vertices. The 
outer boundary is of the same form 
as before, but at cubical edges there 
is now just one octahedron, at octa- 
hedral edges 2, at cubical vertices 3, 
and at octahedral vertices 5 (Fig. 
47). Each new octahedron has 2 
old faces, 2 free faces, and 4 common 
to two octahedra ; 5 old edges, i 
free edge, 4 common to two octahedra, and 2 common to three ; 
4 old vertices, and 2 common to three octahedra. We 
have therefore added 12 octahedra, 12(2 + 2) == 48 faces, 
12(1 + 2 + I) = 44 edges, and 12 x f == 8 vertices, and we 
now have (18, 84, 88, 23). 

The figure is now completed by adding one octahedron at 
each octahedral vertex. Each new octahedron has 4 old faces, 
and 4 common to two octahedra ; 8 old edges, and 4 common 
to three octahedra ; 5 old vertices, and i common to six octa- 
hedra. Hence we have added 6 octahedra, 1 2 faces, 8 edges, 
and I vertex, giving (24, 96, 96, 24). This figure, the 24-cell, 
is self-reciprocal, 

(335). The cells are tetrahedra, 5 at each edge, and 20 at 
each vertex. 

Layer i. Start with 20 tetrahedra at a vertex. The outer 
boundary is then an icosahedron ; 
each edge has two tetrahedra, and 
each vertex 5, (20, 50, 42, 13). 

(Fig. 48). 

Layer 2. Adding one tetra- 
hedron to each face, each icosa- 
hedral edge has now 4 tetrahedra, 
and each icosahedral vertex 10, 

(40, no, 102, 33). In order to 
cover the edges and vertices of 
the first layer we require to add further one tetrahedron to 
each edge (70, 170, 132, 33), and 5 to each vertex (130, 290, 
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204, 45). To the vertices of the first layer there now corre- 
spond vertices in similar positions, and also a vertex corre- 
sponding to each of the faces of the first layer, i.e. we have both 
icosahedral and dodecahedral vertices. The icosahedral edges 
have disappeared and are replaced by dodecahedral edges. 
The outer boundary is now a dodecahedron with pentagonal 
pyramids on the faces, a “ pentakis-dodecahedron " (Fig. 49). 
At each of the dodecahedral vertices there are 10 tetrahedra, 
and at each of the icosahedral vertices 5 ; at each of the 



Fig. 49. 

dodecahedral edges (thick lines) there are 3, and at each of the 
others 2. 

Layer 3. To cover this layer we require now to add one 
tetrahedron to each face (190, 440, 324, 75), one to each of the 
pyramid edges (250, 560, 384, 75), one to each of the dodeca- 
hedral vertices (270, 580, 384, 75), and 5 to each of the 
icosahedral vertices (330, 700, 456, 87). The icosahedral 
vertices are now replaced by others in similar positions, while 
the dodecahedral vertices are replaced by triangles. The outer 
boundary is now a polyhedron bounded by 12 pentagons and 
20 triangles, two of each at each vertex (this semi-regular 
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polyhedron is denoted by the symbol 3|^52^), and a pyramid 
on each of the pentagons (Fig. 50). At each of the icosahedral 
(pyramid) vertices there are 5 tetrahedra, at each of the others 
12 ; at each of the pyramid edges there are 2, and at each of 
the others 3. 

Zaj/er 4. To cover this layer we have to add one tetra- 
hedron to each face (410, 880, 576, 107), one to each pyramid 



Fig. 50. 


edge (470, 970, 606, 107), and 5 to each icosahedral vertex 
(530, 1090, 678, 1 19). The outer boundary is again a penta- 
kis-dodecahedron with 16 tetrahedra at each dodecahedral 
vertex, 5 at each icosahedral vertex, 4 at each dodecahedral 
edge, and 2 at each pyramid edge (Fig. 51). 

Zaj/er 5. If we add now a tetrahedron at each dodeca- 
hedral edge (560, 1150, 708, 1 19), and one at each dodeca- 
hedral vertex (580, 1170, 708, 1 19), the boundary is again an 
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icosahedron, with 3 tetrahedra at each edge and 15 at each 
vertex (Fig. 52). 

The addition of one tetrahedron to each face adds 2 to each 



Fig. 51. 


edge and 5 to each vertex, and thus completes the figure (600, 
1200, 720, 120), which is thus a 600-cell. 

The 1 20 vertices of the 600-cell have thus been divided into 
groups as follows : 

I, 12, 20, 12, 30, 12, 20, 12, I. 

In the three-dimensional Schlegel 
model, with a vertex at the centre, 
groups of 12 vertices form regular 
icosahedra, groups of 20 form regu- 
lar dodecahedra, and the central 
group forms the icosidodecahedron 
31^52^. A representation of the 
600-cell, with a description of a 
model, based on this dissection of the figure, will be found in 
Proc. R, Soc. Edinburgh, vol. 34 (1914). 

The 120 vertices of the 600-cell are most conveniently 
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denoted according to the zones in which they lie. The zones 
are denoted by letters A, B, C, D, E, D', C, B', A'. A and A' 
are single vertices. The vertices in other zones are numbered, 
opposite vertices of a zone being distinguished by accents. 
B and D consist of 12 vertices, numbered o; i, 2, 3, 4, 5 ; i', 
2', 3', 4 \ 5'; o'. C consists of 20 vertices numbered i, 2, 3, 4, 
5 ; I, 2, 3, 4, 5 ; 1', 2 \ 3', 4', 5' ; i', 2', 3', 4', 5'. In zone E, the 
mesial zone, the 30 vertices are numbered i, 2, 3, 4, 5 ; i, 2, 3, 
4> 5; I3» 24, 35, 41, 52 ; 13' or 31, etc. ; the 10 vertices of the 
equator of this zone being represented by the pairs of numbers 
which represent the vertices to which they are connected. 

The edges are shown as follows : 

A joined to each B. 

Bo „ „ A; B I, 2, 3, 4, 5 ; C I, 2, 3, 4, 5 ; D o. 

I „ „ A; B o, 2, 3', 4', 5 ; C i', 3 , 4 » 3 » 4 ; D i. 

Ci „ „ B o, 3, 4 ; C I, 2, 5 ; D o, 3, 4 ; E I, 3, 4. 

I n » B l', 3, 4 ; C I, 3', 4'; D i', 3, 4 ; E I, 13, 14. 

Do „ „ B o; C I, 2, 3, 4, 5 ; E i, 2, 3, 4, 5 ; D' o. 

I „ „ B I ; C i',3, 4, 3, 4; E I, 31, 41,3, 4; D' I. 

Ei „ „ C 3, 4; D o. I ; E 2, 5, 3, 4; D' o, I ; C' 3, 4. 

I „ „ C 1,1; D 3,4; E 3,4, 13, 14; D'3, 4; C 1,1. 

13 ,, C 1,3'; D i',3; E 1,3', 53, 14; D' I', 3 ; C 1,3'. 

(To complete this table: (i) perform a cyclic permutation of 
the numbers 12345 in each row, keeping o unaltered ; (2) inter- 
change accents. E' is the same as E.) 

(533). This is the reciprocal of the 600-cell, and has there- 
fore the numbers (120, 720, 1200, 600). It is called the 120- 
cell, being bounded by 120 dodecahedra. In the Schlegel 
model with a dodecahedron at the centre we have successive 
zones of dodecahedra 

I, 12, 20, 12, 30, 12, 20, 12, I. 

The 600 vertices are then arranged in zones 

20, 20, 30, 60, 60, 60, 20, 60, 20, 60, 60, 60, 30, 20, 20. 

Groups of 20 form the vertices of regular dodecahedra, groups 
of 30 form the vertices of the semi-regular icosidodecahedron, 
and groups of 60 form the vertices of another semi-regular 
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polyhedron bounded by 20 hexagons and 12 pentagons, 

the “ icosahedron truncum.*^ 

13. As a comparison with the corresponding regular poly- 
hedra in three dimensions we note that the vertices of the 
dodecahedron can be grouped in circles 5, 5, 5, 5 ; 1,3, 6, 6, 3, 
I ; or 2, 4, 2, 4, 2, 4, 2 (Fig. 53) while those of the icosahedron 


o 

Fig. 53. — The regular dodecahedron. 

fall into groups i, 5 . 5 . i 1 3 . 3 , 3 . 3 : or 2, 2, 4, 2, 2 (Fig. 
54 ). 

14. Relations between the Regular Pol3rtopes of Four 
Dimensions. In addition to the reciprocal relationships 
between the 8-cell and the 1 6-cell, the 120-cell and the 600-cell, 
there are simple relationships between the 8-cell, the 16-cell, 




Fig. 54. — ^Thc rej^ular icosahedron. 


and the 24-cell analogous to the relationship of a tetrahedron 
to a cube. 

The vertices of a regular %-cell fall into two groups which are 
vertices of two regular -cells. 

Denote the vertices of one cube of the 8-cell by ABCDPQRS 
(Fig. 55), ABCD being a regular tetrahedron and P, Q, R, S 
the opposite vertices of the cube; and let A', B', etc., be the 
opposite vertices of the 8-celL The 8 cells are then 
12 
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ABCDPQRS A'B'CDT'Q'R'S' 

A'B C D'S R'QT A B'CD S'R Q P' 

A B'C D'R'S P'Q A'B CD R ST Q' 

A B CD'QT'S R A'B'C D Q P S'R\ 

The lines joining pairs of the 8 vertices A, B, C, D, A', B', 
C', D', with the exception of pairs of opposite vertices AA', etc., 



Fig. 55. 


are diagonals of squares and are therefore all equal. Hence 
there are 1 6 regular tetrahedra : 


ABCD A'B'CD' A BCD' A'B'CD 

A'BCD A B'CD' ABCD' A B'CD 

A B'CD A'BCD' A B'CD' A'BCD 

ABCD A'B'CD' ABCD' A'B'CD 


which form a regular 16-cell. Similarly a 16-cell is formed 
with the 8 vertices PQRSP'Q'R'S'. 

The vertices of a regular 2\-cell cart be divided into three 
separate group Sy each forming the vertices of a regular 16 cell. 

Referring to the construction of the 24-cell (p. 171) we see 
that if we omit one vertex O (the central vertex, say, in the 
Schlegel model), the opposite vertex O', and the six vertices 
opposite to O of the six octahedra which meet at O, which are 
also the vertices opposite to O' of the six which meet at O', we 
are left with 16 vertices which are those of a regular 8-cell. 
The vertices omitted are those of a regular 1 6-cell. Considering 
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the hyperspherical network corresponding to the 24-cell, i.e. 
a division of elliptic three-dimensional space into 24 octahedra, 
we may derive this division as follows. First divide elliptic 
space into 8 regular hexahedra, 3 at each edge. The centres 
of the cells are then vertices of a regular tetrahedral i6-cellular 
honeycomb. Each hexahedron is divided into six quadrilateral 
pyramids, and two quadrilateral pyramids on opposite sides of 
a face of a hexahedral cell together form a regular octahedron 
(Fig. 56). We have therefore 6 octahedra at the centre of each 


hexahedral cell ; and since there are 
4 hexahedra at a vertex there are 1 2 
pyramids and therefore 6 octahedra 
also at each hexahedral vertex. Also 
since there are three hexahedra at 
each edge there are three octahedra 
at each hexahedral edge, and there 
are three also at each of the other 
edges. Half of each octahedron is 
one-sixth of a hexahedron, hence there 



are 3 x 8 = 24 octahedral cells. 


Fig. 56 . 


Thus the 16 vertices of the 8-cell and the centres of the 


8-cells (which are also vertices of a 16-cell) are vertices of a 
24-cell ; and since the vertices of the 8 -cell can be further 
divided into two groups of vertices of 16-cells, the 24 vertices 
of the 24-cell can be divided into three groups of vertices of 
1 6-cells. 


15. The Regular Pol3rtopes Referred to Rectangular 
Axes. We shall consider this problem first for the three- 
dimensional figures. 

(i) The Cube, The simplest rectangular axes are those 
through the centre parallel to the edges (Fig. 57). The length 
of the edges being 2, the co-ordinates of the vertices are : 


A( I, - I, - 0 . A'( - I, I, I), 

B( - I, I, - i), B'( I, - I, i), 

C( - I, - I, I), C'( I, I, - i), 

D( I, I, I), D'( - I, - I, - I). 


(2) The Tetrahedron. In the same figure ABCD is a 
regular tetrahedron. The length of the edge « 2^2. 
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(3) The Octahedron. Take as axes the three body diagonals 
(Fig. 58). Then the co-ordinates are 

X(i, 0, 0), XX - I, 0, 0), 

Y(0, I, 0), YX 0,-1, 0), 

Z( 0 , 0 , I), zx 0 , 0 ,- 1 ), 

the length of the edge being ^2. 

(4) The Dodecahedron. Consider three contiguous faces of 
a dodecahedron, DRNAT, DPLB'Q, DQMC'R, meeting at 
D (Fig. 59), and draw the diagonals DA', DB', DC'. Now 
DA'IjRN, and DB'HPL, but the edges PL and RN are 
orthogonal, hence DA' JL DB', and similarly J_ DC' also ; and 


Z 



Fig. 57. Fig. 58. 

since these diagonals are equal they form the edges of a cube. 
The vertices of this cube are ABCDA'B'C'D'. As each face 
has 5 diagonals, there are 5 ways of choosing 8 vertices of 
a regular dodecahedron to form the vertices of a cube. 

We can now choose a set of rectangular axes through the 
centre of the dodecahedron parallel to the edges of the cube. 
Taking the length of the edge of the cube = 2c, and the edge 
of the dodecahedron = 2a, we have (Fig. 60) 

c ^ 2 a cos 36° =» K%/5 + 

^ = Kx/S - i>. 

MN =. c - a ^ iCx/S - O'*- 
PN = 2 a sin 36° = \sf{io - 2 j%')a. 
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or, if the edge of the dodecahedron is unity, and e stands for 
V 5 > we have 

8 vertices ± + i), ± + i), ± + i), 

4 vertices o, ± ± \{e + 3), 

4 vertices ± + 3), o, ± i, 

4 vertices ± -J, ± \{e + 3), 0. 

(5) The Icosahedron. The centroids of the faces of the 
dodecahedron are vertices of a regular icosahedron. Taking 
the face DRNA'P (Fig. 59) whose vertices have co-ordinates 


c. 





0, 


C 

0, 

- C, 

C, 


0, 


c ^ a, 


the co-ordinates of the centroid are o, + 3a), ^(3<r + d), 
and for the centroid of the face BNRC'L' : 0, ^(4^ + 3a), 
- \(^e + a). The distance between these adjacent vertices is 
f(3<r -f- <2:) = -^^(3.^5 + S)a. Hence, if the edge of the icosa- 
hedron is unity, the co-ordinates of the vertices are 

0 , ± i(e + I), ± i, 

±h o. ± + i). 

± + i), ± i, o. 

16. The Regular Polytopes of Four Dimensions Re- 
ferred to Rectang^ular Axes, (i) The Z-Cell. Taking the 
origin at the centre and axes parallel to the edges, the co- 
ordinates of the 16 vertices are (see Fig. 55, p. 178) 

P( I, - I, - I, i). A(- I, I, I, I), 

Q(- I, I, - I, 0. B( I. - I. I. 0. 

R(- I, - I, I. 0. C( I, I, - I, i), 

S( I, I, I, I), D(- I. - I, - I. i), 

the other 8 vertices A', . . ., P', . . . having the co-ordinates 
all reversed in sign. The cells are formed of eight vertices 
with different letters, all unaccented, all accented, or two of 
ABCD accented, say A'B'CD, and the two corresponding 
letters of PQRS unaccented, PQR'S'. Pairs of vertices with 
the same letter, accented and unaccented, as AA', having all 
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the co-ordinates different, form 8 body diagonals. Pairs of 
ABCD or PQRS, each with or without accent, having two co- 
ordinates different, form 48 diagonals of squares. Pairs such 
as AP, AQ', AR\ AS\ (not AP'), having three co-ordinates 
different, form 32 diagonals of cubes. Pairs such as AP', AQ, 
AR, AS, having one co-ordinate different, form the 32 edges. 
The length of the edge = 2. 

(2) The i6-CelL Taking for axes the four body-diagonals, 
the co-ordinates of the vertices are 

(±1, o. o, o), 

( o, ± I, 0, o), 

( o, o, ± I, o), 

( o, o, o, ± I), 

the length of the edge being ^2, 

The vertices of the 16-cell may also be taken as half the 
vertices of the 8-cell, say ABCDA'B'C'D' or PQRSP'Q'R'S'. 
Its edges are diagonals of squares, of length 2^2. 

(3) The %-CelL Another set of axes for the 8-cell may be 

obtained from this last representation by taking the centroids 
of the cells of the 16-cell. The centroids are: for ABCD, 
(o, 0,0, i); for ABCD', (^, ^). Hence we obtain a^ 

vertices of the 8-cell 

P( I, - I, - 1,1), P'(- I, I, I, - I),F,F(± 2 , o, o, o), 

Q(-i, 1,-1, I, - i),G,G'( o, ±2. o, o), 

R(-i, -I, 1,1), R'( I, I, - I, - I), H,H'( o, o, ±2, 0), 

S( I, I, i,i),S'(- I. - I, - I. - I). K, K'( o, o, o, ±2), 

the length of the edge being 2. The vertices PP'QQ'RR'SS' 
form one* 16-cell, and the vertices F'P''GG'HH'KK' another 16- 
cell. The 32 edges are FP, FQ', FR', FS, KP, KS ; the others 
being obtained from these by cyclic permutations (PQR)(F'GH) 
and interchanging accents. 

(4) The 2\-CelL The vertices of a 24-cell are the vertices 
and cell-centres of an 8-cell. Hence we can represent them by 
ABCDA'B'C'D', PQRSP'Q'R'S', FGHKF'G'H'K', with co- 
ordinates (±1, ± I, ± I, ± l), (± 2, O, O, o), (o, ± 2, o, o), 
(o, o, ±2, o), (o, o, o, ± 2). The edges are FA', FB, FC, 
FD' ; FP, FQ'. FR', FS ; PA', PB, PC, PD ; KA, KB, KC, 
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KD; KP, KQ, KR, KS; SA, SB, SC, SD', and others ob- 
tained by the simultaneous cyclic permutations (ABC) (PQR) 
(FGH) and interchange of accents. The length of the edge = 2. 

(5) The ^-Cell. Take one of the tetrahedra as (xyzyco- 

ordinate-flat, the co-ordinates of its four vertices being 
(- I, I, I, o), (I, - I, I, 0), (I, I, - I, o), (- I, ~ I, - I, 0). 

The line joining the centroid C of this tetrahedron to the op- 

posite vertex of the 5 -cell is the axis of Wy and the co-ordinates 
of the 5th vertex are (o, o, o, c). The edges are all equal if 
8 = 34.^, hence c ^ ^ ^ — e. The co-ordinates of the cen- 
troid of the 5 -cell are now (o, o, o, \e), so that transforming to 
parallel axes through the centroid we obtain the vertices 

(~ I, I, I,- ie)y (i, - I, I, - ie)y (i, I, - I, - }e), 

(- I, - I, - I, - 1^), (o, o, o, ie). 

The length of the edge = 2^2, 

(6) The 600-O//. The vertices of the 600-cell have been 
grouped in zones of i, 12, 20, 12, 30, 12, 20, 12, i. The cen- 
tral zone consists of the semi-regular icosidodecahedron whose 
vertices are the mid-points of the edges of a regular dodeca- 
hedron. Referring this to rectangular axes we find the co- 
ordinates of its 30 vertices : 

± \{e + i), o, o, 

o, ± +1), o, 

o, o, ± i{e + I), 

± + 3 )» ± + 0 > 

± {{e + i), ± i{e + 3), ± iy 

±h ±K^+i), ±i{e + 3 )y 

the length of each edge being unity, and the radius of the cir- 
cumscribed sphere -^(e + i). For each of these vertices the 
fourth co-ordinate ze/ = 0, and the co-ordinates of the two ver- 
tices at each end of the series of zones are {o, o, 0, ± ^(e + l)}. 
If we interchange the axes of x and y and at the same time 
those of z and w we get further vertices, and thus obtain the 
104 vertices : 
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± + 

0 . 

0 , 

0 , 0 , 

0, 


±K^+ 0 . 

0, 0, 

0, 


0. 

± + I), 0, 

0, 


0, 

0, ± i(e + I); 

0 , 


± + 0 - 

±h - + 3). 

0, 


± h 

± i(^ + 3). ± \(e + I), 

0, 


± + 3), 

± + I ), ± J ; 

+1 

0 . 

0, 

± Ke + 3 )> ± h 

± h 


0, 

± l(e + I), ± \{e + 3), 

± i(e + 

3 ). 

0 

± ± jf(^ + I); 

±h 


± + 3 ), 

0, ± \{e + I), 

± l(e + 

3). 

±i(e + 0. 

0, ± 2, 

±'|(^ + 

0 . 

± i 

0, ± \{e + 3 ) ; 

±K^ + 

3 )- 

± -2 . 

± \{e + I), 0 , 

± i(e + 

0 . 

± i(^ + 3 ). 

± i 0, 



± + I), 

± lie + 3), 0. 


We have now obtained zones of vertices at distances 
+ 0> i(^ + 3)> + 0» central zone, 

and the numbers in these zones are i, 12, 12, 12, 30. Hence 
there are 8 more vertices with w == + i). As from sym- 
metry there must also be 8 more with x \{e i), etc., the 

additional 16 vertices can only be 

± l{e + I), ± l(e + I), ± l{e + 1), ± \(e + i). 

We verify that these vertices also are at a distance -f i) 
from the centre. 

The following table identifies the co-ordinates with the ver- 
tices according to the notation of § 12. The edge is taken 
equal to 4 : 
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A 

Bo, I 

2, 5 ' 

3 , 4 

X, 

0 

0 

e + I 
± 2 

/• 

0 

± 2 

0 

e + I 

z. 

0 

e -f I 
± 2 

0 

w, 

2(e + i) 

^ + 3 
^ + 3 
^ + 3 

C I, i 

0 

^ + 3 

± 2 

e + I 

4 , 3 

± 2 

0 

^ + 3 

e + I 

5, 2' 

^ + 3 

± 2 

0 

e + I 

5, 3', 4, 2' 

e + I 

±{e + I) 

±{e + I) 

e + I 

D 0, I 

0 

±{e + I) 

^ + 3 

2 

2, 5 ' 

^ + 3 

0 

±{e + I) 

2 

3 , 4 

±{e + I) 

^ + 3 

0 

2 

E 52 

2(e + i) 

0 

0 

0 

1 

0 

2 (e + i) 

0 

0 

1 

0 

0 

2{e + i) 

0 

3 » 13 ) 41, 4' 

2 

+ 3) 

±{e + I) 

0 

2, 3', 5 ) 4' 

±{e + I) 

2 

+ 3) 

0 

5 , 42, 3 , 35 

±{e + 3) 

±{e + I) 

2 

0 


The order of the combinations of sign, corresponding to the vertices 

going from left to right in a row is + . To complete 

the table change the accents in the numbers and reverse the signs of 
Xj z ; accent the letters and change the sign of w, 

17. The Homogeneous Honeycombs in n Dimensions. 

We have now to complete the problem of determining the 
homogeneous polytopes in space of n dimensions, which is part 
of the somewhat wider problem of determining the homogeneous 
honeycombs in space n - \ dimensions. Considering the 
problem from the second point of view we have to divide space 
of « - I dimensions into cells which are all homogeneous closed 
polytopes of - I dimensions of the same form, i.e., homogene- 
ous honeycombs of elliptic space of - 2 dimensions ; and 
further, if a small hypersphere is described round each vertex 
the honeycomb into which its surface is divided is also a homo- 
geneous honeycomb of elliptic space oi n - 2 dimensions. 

Consider any boundary of / + i dimensions, and in 

it any boundary of q dimensions In A^ + i take 

any {p - q + i)-flat ^ cutting A^ in a point O, and con- 
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struct a small hypersphere with centre O. Boundaries of 
q r dimensions through are cut by in r-flats 

through O, and these cut the hypersphere in (r — i)-dimen- 
sional regions ; in particular the (q + i)-boundaries through 
Ag cut the hypersphere in points, the (q + 2)-boundaries in 
arcs of great circles, and so on. Thus the figure formed on 
the hypersphere is a homogeneous elliptic honeycomb o( p — q 
dimensions, and if are its configurational numbers 


N' = N 

a^^bc a 4- + y, c -f tf* 

In particular for ^ == / — i we have an elliptic honeycomb of 
I dimension, i.e. a polygon, and 

M „ ]SJ' _ ^ . 

p—l > 

for ^ ~ 2 we have a 2-dimensional honeycomb, and 

V _ _ X' = N 

p +l^^p,p — 2 3^^20 3 ^^ 10 p 4' I p — 1 , p - at’ 

The numbers 


^ (/> =- I, 2, . . ~ i) 

are called the fundamental numbers of the honeycomb. The 
notation is extended to hold for / == i, with the understanding 
that _ j means the total number of /^-boundaries in an 
r-boundary, = 

Now let be the configurational numbers of the face- 
constituents or cells of the complete honeycomb of « - i 
dimensions, then 


p 4- iPp, p — u “ p 4- i^P, P — 2 ^p' 

Hence the fundamental numbers of the face-constituents are 

• • • • > kfx — 

Let pWgf be the configurational numbers of the vertex- 
constituents or assemblage of elements through a vertex, then 

p 4 - l^p, p — 2 ~ P 4 - 2^p 4 - l» P — 1 ^P + 1’ 

Hence the fundamental numbers for the vertex-constituents are 

^2) — 1* 

18. The Eleven Homogeneous Honeycombs in Four 



188 GEOMETRY OF N DIMENSIONS [x. 19 

Dimensions. For a finite polytope in n dimensions with 
closed cells both the face-constituents and the vertex-constituents 
must be elliptic honeycombs or closed polytopes. For finite 
homogeneous polytopes in four dimensions or elliptic honey- 
combs in three dimensions we have seen that the only sets of 
fundamental numbers are 

333 , 334 , 335 . 343 , 433 , 533 - 

Hence for homogeneous polytopes in five dimensions or honey- 
combs in four dimensions with closed cells the only sets of 
fundamental numbers possible are 

3333 , 3334 , 3335 , 3343 , 3433 , 4333 , 

4334 . 4335 , 5333 , 5334 , 5335 * 

19. We have now to discriminate as before whether these 
are elliptic, euclidean, or hyperbolic, and as the same problem 
will recur successively in passing from one dimension to the next 
we shall investigate a general criterion depending on the di- 
hedral angles. 

Consider a regular honeycomb in space of n dimensions 
(elliptic, euclidean, or hyperbolic), with the fundamental 
numbers ki^ . . ., Let Cq be any vertex (Fig. 44, p. 168), 
Cl the mid-point of an edge through Cq, C2 the centre of a two- 
dimensional boundary (polygon) through CoC^, and in general 
Cy the centre of an r-boundary through CqCj . . . Cr _ j. 
CpCqCr (/ <C ^ is always a right-angled triangle with right 
angle at Cg. 

The angle CoCgCj is half the angle at the centre of a plane 
face subtended by an edge and is equal to Tr/z^j. The angle 
CiCoC2 is half the angle between two adjacent edges, = 0^, say ; 
C2C1C3 is half the dihedral angle between two adjacent plane 
faces, = 02, say ; in general let CpCp _ iC^ 4. j, half the dihedral 
angle between two adjacent /-boundaries, be denoted by dp. 
Since there are kn boundaries of - i dimensions at each 
(n - 2)-boundary the angle C^ - iC^ _ aC,^ = 0^ _ ^ = Trjkn* 

In the 3-dimensional boundary C^CiCgCg draw a small 
sphere with centre Co- This is cut by the lines and planes 
through Co in a regular spherical polygon with sides 20^ and 
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angles 202, and the angle subtended at the centre of the polygon 
by half the side « Tr/^a* Hence by spherical trigonometry 

cos 7r/^2 = ^2 cos 61, 

In the 4-boundary Cq . . . Q take a hyperplane a perpen- 
dicular to QCi at Q, and in this hyperplane draw a small 
sphere with centre Q. This is cut by the lines and planes in 
which a cuts the planes and hyperplanes through CoC^ in a 
regular spherical polygon with sides 262 and angles 203, and the 
angle subtended at the centre of the polygon by half the side 
= Trjk^, Hence 

cos TTjk^ = sin 03 cos 02. 

Proceeding in this way we have the recurring formula 


cos Trjkr = sin By cos 0^ _ j (r= 2, 3, . . - i) 

and as 0^ - 1 = Trjkn this formula determines in succession 

— 31 • • *1 ^ 1 * 

As the formulae of spherical trigonometry are the same for 
elliptic, euclidean, or hyperbolic geometry, the geometry at an 
angle being always elliptic, the foregoing investigation holds 
whether space is elliptic, euclidean, or hyperbolic. To dis- 
criminate this we take now the angles in a plane face, and 
consider the right-angled triangle C0C1C2. In euclidean 

7T 77 

geometry 0 ^ + irjki = 77/2, in elliptic geometry > 3 ^ 

in hyperbolic geometry it is less. 

20. The Three Regular Polytopes in Five or more 
Dimensions. Now for a honeycomb in 4 dimensions 


and 

Hence 


cos Trjk^ = sin 03 cos $2 = sin 77/^4 cos 02, 
cos Trjk^ = sin 02 cos B^. 

cos^ ^ cos^ nlk^ ___ ^ 
sin'*^ 77/^4 cos^ 0j 


and the honeycomb will be elliptic, euclidean, or hyperbolic, 
according as 


cos^ Trjk^ ^ 
sih'^ njk^ 


cos^ 77/^2 
sin‘^ irlk^ 


< , = , or > I. 
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Applying this to the eleven sets of values of ^1, ^3, we 

find that 

3333, 3334, 4333 are elliptic, 

3343, 3433, 4334 are euclidean, 

3335, 5333, 4335, 5334, 5335 are hyperbolic. 

Hence in space of five dimensions there are just three regu- 
lar polytopes. 3333 is a regular simplex, 4333 is a regular 
orthotope, and 3334 is the reciprocal of the orthotope. We 
see also that euclidean space of four dimensions can be divided 
into three regular honeycombs: 3343 has 16-cells as its cells, 
3433 (the reciprocal of the former) has 24-cells as its cells, 
and 4334 has orthotopes and is the analogue of the square 
network in two dimensions and the cubical honeycomb in three 
dimensions. 

21 . For a honeycomb in five dimensions the only sets of 
values for the fundamental numbers, since and 

must be both elliptic, are 

33333 , 33334 , 43333 , 43334 * 

Clearly the first gives a simplex in S^, the third an orthotope, 
and the second the reciprocal of the orthotope; while 43334 is 
a honeycomb in euclidean space of five dimensions with ortho- 
topes for cells. 

For space of higher dimensions these series persist and are 
the only ones possible. Recapitulating, in a plane there are an 
unlimited number of regular polygons and 3 regular networks, 
in space of three dimensions there are 5 regular polyhedra 
and one regular honeycomb, in S4 there are 6 regular polytopes 
and three regular honeycombs, in space of more than four 
dimensions there are just 3 regular polytopes and one regular 
honeycomb. The following is a complete table of the funda- 
mental numbers of all the honeycombs with closed cells : 
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Dimensions. 

2. 

3- 

4. 

«>4- 

Elliptic 

33 

333 

3333 

33 • • • 

33 


34 

334 

3334 

33 • • . 

34 


43 

433 

4333 

43 . . • 

33 


35 

335 





53 

533 






343 




Euclidean . 

44 

434 

4334 

43 • • • 

34 


36 

i 

3433 




63 


3343 



Hyperbolic . 


435 

4335 





534 

5334 





535 

5335 




+ .<5* 

353 

3335 




'^\l 


5333 
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OF the Storm. 65. net. The Miracle 
OF St. Anthony. 3*. 6 d. net. The 
Burgomaster op Stilemonde. 55. net. 
The Betrothal. 65. net. Mountain 
Paths. 65. net. The Story of Tyltyl. 
Ciis.net. The Great Secret. 7*. 6d. 
net. The Cloud that Lifted and The 
Power of THE Dead. 7s.6d.net. Mary 
Magdalene. 2$. net. 

MaseAeld (John) 

On the Spanish Main. 85. 6d. net, A 
Sailor’s Garland. 65. net and 35. 6d. 
net. Sea Life in Nelson’s Time. 55. net. 
Methuen (Sir A.) 

AN Anthology of Modern Verse 

162nd Thousand. 

Shakespeare to Hardy : An Anthol- 
ogy of English Lyrics. igtA Thousand. 
Each Fcap. Svo. Cloth, 6s. net. 
Leather, 75. 6d. net. 

Milne (A. A.) 

Toad of Toad Hall. A Play founded 
on Kenneth Grahame’s “The Wind 
in the Willows.” 55. ml. Those 
Were the Days. 75. 6d. net. Not 
THAT IT Matters. If 1 May. 
The Sunny Side The Red House 
Mystery. Once a Week. The Holi- 
day Round. The Day’s Play. Each 
35. 6d. net. When We were Very 
Young. Eighteenth Edition. 1891A 
Thousand. Winnib-the-Pooh. Eighth 
Edition. 1061A Thousand. Now We 
ARE Six. Fourth Edition, logth Thou- 
sand. The House at Pooh CXirner, 
Third Edition. 105th Thousand. Each 
illustrated by £. H. Shepard. 7s. 6d. 
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net. Leather ^ loi. td. net. For thi 
Luncheon Interval, is. td, net, 
Klllne (A. A.) and Fraser- Slmson (H.) 
Fourteen Songs from “When We 
WERE Very Young.” Twelfth Edition, 

•js. 6 d. net. Teddy Bear and Other 
Songs from ” When We were Very 
Young.” 7#. 6 d. net. The King’s Break- 
fast. Third Edition. 31. 6 d. net. 
Songs from ” Now We are Six.” 
Second Edition, jt. 6 d, net. More 
” Very Young ” Songs. 71. 6 d. net. 
Words by A. A. Milne. Music by 
H. Fraser-Simson. Deoorstions by 
B. H. Shepard. 

Montague (G. B.) 

Dramatic Values. O. 800. ys. 6 d. net. 
Morton (H. V.) 

The Heart of London. 3#. 6 d. net. 
(Also illustrated, 71. 6 d. net.) The 
Spell of London. The Nights of 
London. Each 31. 6dL net. The 
London Year. In Search of England. 
The Call of England. In Search 
O i Scotland Each Ulustrated. 
7f. 6 d. net. 

Oman (Sir Gharlea) 

A History of the Art of War in the 
middle Ages, a.d. 378-1483. a Vols. 
Illustrated. Demy 8to. £t 161 net. 
Studies in the Napoleonic Wars. 
Crown 8 vo. 81. 6 d. net. 

Oxenham (John) 

Bees in Amber. Small Pott 8 vo. is. 
net. All’s Well. The King’s High- 
way. The Vision Splendid. The 
Fiery Cross. High Altars. Hearts 
Courageous. All Clear 1 Each Small 
Pott 8i;o. Pc^eTt is. 3d. net. Cloth, 
is.net. Winds OF THE Dawn, is, net. 
Perry (W. J.) 

The Origin of Magic and Religion. 
The Growth of Civilization. Each 
6 s. net. The Children of the Sun. 
IS. net. 

Petrie (Sir FUnders) 

A History of Egypt. In 6 Volumes. 
Vol. I. From the 1 st to the XVIth 
Dynasty, i i th Edition, Revised. 1 it. net. 
Vol. II. The XVIIth and XVIIIth 
Dynasties, yth Edition, Revised, gt. net, 
Vol. III. XIXth to XXXth Dynas- 
ties. 3fd Edition, iis. net. 

Vol. IV. Egypt under the Ptolemaic 
Dynasty. By Edwyn Bevan. 1 5s. net. 
Vol, V. Egypt under Roman Rule. 
By J. G. Milne. 3rd Edition, Revised, 
lit. net. 

Vol. VI. Egypt in the Middle Ages. 


By Stanley Lane Poole, ^th 
lotion, los. net. 

Ponsonby (Arthur), M.P. 

English Diaries. £1 is. net. More 
English Diaries, iis. 6 d.net, Scot- 
tish and Irish Diaries, ioi. 6d. net 
Ralelfth (Sir Walter) 

The Letters of Sir Walter Raleigh. 
Edited by Lady Raleigh. Two Vols. 
Illustrated. Second Edition. Demy 8 vo. 
181. net. Selected Letters. Edited 
by Lady Raleigh, yr. 6d. net. 

Smith (G. Pox) 

Sailor Town Days. Sea Songs and 
Ballads. A Book of Famous Ships. 
Ship Alley. Ancient Mariners. 
Each, illustrated, 6f. net. Full Sail. 
Illustrated, ss. net. Tales of the 
CLIPPER Ships. A Sea Chest. Each 
5 t. net. The Return op the ” Cutty 
Sark.” Illustrated. 31. 6d. net. A 
Book of Shanties. 6^, net. 
Stevenson (R. L.) 

The Letters. Edited by Sir Sidney 
Colvin. 4 Vols. Fcap. 800. Each 
6 s net. 

Surtees (R. S.) 

Handley Cross. Mr. Sponge’s 
Sporting Tour. Ask Mamma. Mr. 
Facey Romford’s Hounds. Plain or 
Ringlets ? Hillingdon Hall. Each 
illustrated, 7r. 6d. net. Jorrocks’s 
Jaunts and Jollities. Hawbuck 
Grange. Each, illustrated, 6 s, net, 
Taylor (A. E.) 

Plato : The Man and His Work. 
Demy Svo. £i is.net. Plato: Tim- 
;eus and Critias. CroumSvo. 6 s.net, 
Elements or Metaphysics. Densy 
8 vo. tis, 6d. net. 

Tllden (William T.) 

The Art of Lawn Tennis. Singles 
and Doubles. Each, illustrated, 6 s. 
net. The Common Sense of Lawn 
Tennis. Match Play and the Spin 
OF the Ball. Illustrated. 51. net. 
Me— The Handicap, ss. net. 
Tileston (Mary W.) 

Daily Strength for Daily Needs. 
33rd Edition^ 3r . 6d. net. India Paper. 
Leather, 6 t. net. 

Trapp (Oswald Graf) 

The Armoury of the Castle of Chur- 
burg. Translated by J. G. Mann. 
Richly illustrated. Royal ^to. Limited 
to 400 copies. 14^* 6d. net. 
Underhill (Evelyn) 

Mysticism (Eleventh Edition), 151. net. 
The Life of the Spirit and the Life 
OF To-day (SixOt Edition). 71. 6d. 
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net. Man and the Supernatural. 

6d. net. Concerning the Inner 
Life (Fourth Edition), ai. net, 

Vardon (Harry) 

How TO Play Golf. Illustrated. 
igth Edition, Crown Svo. sx. net. 
Wand (J. W. C.) 

The Development of Sacramental- 
ism, Fcap. Svo. bs. net. A HISTORY 
OF THE Modern Church. Crown 8i». 
8i. bd. net. 

Wilde (Oscar) 

The Works. In 17 Vola. Each bt, bd, 
net. 

I. Lord Arthur Savilb’s Crime and 
THE Portrait of Mr. W. H. II. The 
Duchesi op Padua. IIL Poems. IV. 


Lady Windermere’s Fan. V. A 
Woman of No Importance. VI. An 
Ideal Husband. VII. The Impor- 
tance of Being Earnest. VlII. A 
House of Pomegranates. IX. In- 
tentions. X. De Profundis and 
Prison Lbtiers. XI. Essays. XII. 
Salome. A Florentine Tragedy, and 
La Sainte Courtisane. XIII. A 
Critic in Pall Mall. XIV. Selected 
Prose OF Oscar Wilde. XV. Art and 
Decoration. XVI. For Love of the 
Kino. (sx. net.) XVII. Vera, or the 
Nihilists. 

WlUlamaon (G. G.) 

The Book of Famille Rose. Richly 
Illustrated. Demy 410. £8 8x. ruL 


PART II. A SELECTION OF SERIES 


The Antiquary’s Books 

Eac A, illustrated, Demy 800. lox. bd. net. 
The Arden Shakespeare 
Edited by W. J. Craig and R. H. Case. 
Each, wide Demy Svo. 6x. net. 

The Ideal Library Edition, in single 
plays, each edited with a full Introduc- 
tion, Textual Notes and a Commentary 
at the foot of the page. Now complete 
in 39 Vols. 

Classics of Art 

Edited by J. H. W. Laino. Each, pro- 
fusely illustrated, wide Royal Svo, igx. 
net to £3 3x. net, 

A Library of Art dealing with Great 
Artists and with branches of Art. 

The Connoisseur's Library 

With numerous Illustrations. Wide 
Royal Svo. £i iix. bd, net each vol. 
European Enamels. Fine Books. 
Glass. Goldsmiths’ and Silver- 
smiths’ Work. Ivories. Jewellery. 
Miniatures. Mezzotints, Porce- 
lain. Seals. Mussulman Painting. 
(£3 3*. wt.) Watches. (£3 31. net.) 
Watchmakers and Clockmakbrs of 
the World. (£z is. net.) 

English Life la English Uteraturs 
General Editors : Eileen Power. 
M.A.. D.Lit.. and A. W. Reed, M.A., 
D.Lit. Each, Crown 800. 6x. net. 

A series of source-books for students of 
history and of literature. 

The Faiths : Varieties of Christian 
Expression. Edited by L. P. Jacks, 
M.A., D.D.. LL.D. ^h, Crown 8vo. 
5x. net each volume. The first volumes 
trt : The Anglo-Catholic Faith 
(T. A. Lacey) ; Modernism in the 


English Church (P. Gardner) ; The 
Faith and Practice of the (Quakers 
(R. M. Jones) ; Congregationalism 
(W. B. Selbie); The Faith of the 
Roman Church (C. C. Martindale) ; 
The Life and Faith of the Baptists 
(H. Wheeler Robinson) ; The Pres- 
byterian Churches (James Moffatt) ; 
Methodism (W. Barosley Brash); 
The Evangelical Movement in the 
English Church (L. Elliott Binns) ; 
The Unitarians (Henry Gow) ; The 
Faith of the Future (J. H. Tuck- 
well). 

The Gateway Library 
Fcap. Svo. 3s, bd. each volume. 
Pocketable Editions of Works by 
Hilaire Belloc. Arnold Bennett, 
E. F. Benson. George A. Birmingham, 
Marjorie Bowen. G. K. Chesterton, 
A. Clutton-Brock, Joseph Conrad, 
J. H. Curls, George Gissing. Gerald 
Gould, Kenneth Grahams, A. P. 
Herbert, W. H. Hudson, Rudyard 
Kipling, E. V. Knox, Jack London, 
E. V. Lucas. Robert Lynd, Rose 
Macaulay. John Masefield, A. A. 
Milne, C. £. Montagus. Arthur 
Morrison, Eden Phillpoits, Marma- 
duke Pickthall, j. B. Priestley, 
Charles G. D. Roberts, R. L. Steven* 
son, and Oscar Wilde. 

A History of England in Seven Volumes 
Edited by Sir Charles Oman, K.B.E., 
M.P., MA., F.S.A. With Maps. 
Demy 8vo. lax. bd. net each volume. 
England before the Norman Con- 
quest (Sir C. Oman) ; England under 
THE Normans and Anobvins (H. W. C; 
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Davies) 5 England in the Later 
Middle Ages (K. H. Vickers) ; Eng- 
land UNDER THE TUDORS (A. D. INNES) ; 
England under the Stuarts (G. M. 
Trevelyan); England under the 
Hanoverians (Sir C. Grant Robert- 
son) ; England Since Waterloo (Sir 
J. A. R. Marriott). 

The Library of Devotion 
Handy editions of the great Devotional 
books, well edited. Small Pott Stio. 
3*. net and 3J. 6d. net. 

Methuen’s Half-Crown Library 

Crown 800 and Fcap. 800. 

Methuen’s Two-Shilling Library 

Fcap. Svo. 

Two series of cheap editions of popular 
books. 

Write Jor complete lists. 


The Wayfarer Series of Books lor 
Travellers 

Crown %vo. •js. 6d. net each. Well 
illustrated and with maps. ,The vol- 
umes are : — Alsace, Austria, Bavaria, 
Czecho-Slovakia, The Dolomites, Egypt, 
French Vineyards, Hungary, The Lake 
Country, The Loire, Morocco, Por- 
tugal, Provence, Pyrenees, The Rhine, 
The Seine, Spain, Sweden, Switzer- 
land, Unfamiliar Japan, Unknown 
Tuscany, The West Indies. 

The Westminster Commentaries 
Demy 800. 8f. 6d. net to iHs. net. 

Edited by W. Lock, D.D., and D. C. 
Simpson, D.D. 

The object of these commentaries is 
primarily to interpret the author’s mean- 
ing to the present generation, taking 
the English text in the Revised Version 
as their basis. 


Bedfordshire 
4s. net. 

Berkshire 41. net. 

Brittany sr. net. 

Buckinghamshire 51. net. 

Cambridge and Colleges 41. net. 
Cambridgeshire 41. net. 

Cathedral Cities of England and 
Wales 6s. net. 

Channel Islands 51. net. 

Cheshire st- net. 

Cornwall 4s. net. 

Cumberland and Westmorland 6s net 
Derbyshire 4s. net. 

Devon 4s. net. 

Dorset 6s. net. 
j Durham 6r. net. 

! i ■ ^lish Lakes 6s. net. 

i; { ,k ss. net. 
j h .ORENCE 6s. net. 

i RENCH Riviera 6s. net. 
Gloucestershire sx. net. 

Gray’s Inn and Lincoln’s Inn 6s. net. 
Hampshire 4s. net. 

Herefordshire 4s. 6d. net. 
Hertfordshire ss. net. 

Isle of Man 6x. net. 

Isle of Wight 4s. net, 

Kent 6s. net. 

Lancashire 6s. net. 

Leicestershire and Rutland 5x. net. 
Lincolnshire 6s. net 
London ss. net. 

Malvern Country 4s. net 


Middlesex 4/. net. 

Monmouthshire 6s. net 
Norfolk ss. net. 

Normandy ss. net. 
Northamptonshire 4s. net, 
Northumberland ys. 6d. net. 

North Wales 6x. net. 
Nottinghamshire 6s. net. 

Oxford and Colleges 4^. net. 
Oxfordshire 4s. net. 

Paris sx, net. 

Pompeii 6x. net. 

Rome sx. net. 

St. Paul's Cathedral 41. net. 
Shakespeare’s Country 4s. net. 
Shropshire 5x. net. 

Sicily 4x. net. 

Snowdonia 6x. net. 

Somerset 4x. net. 

South Wales 4s. net. 

Staffordshire 5x. net. 

Suffolk 4x. net. 

Surrey ss. net. 

Sussex sx. net. 

Temple 4x. net. 

Venice 6x. net. 

Warwickshire sx. net. 

Westminster Abbey sx. net. 
Wiltshire 6x. net. 

Worcestershire 6x. net. 

Yorkshire East Riding sx. net. 
Yorkshire North Riding 4x. net. 
Yorkshire West Riding ys. 6d. net. 
York 6x. net. 
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THE LITTLE GUIDES 

Small Pott %vo. Illustrated and with Maps 
THE 66 VOLUMES IN THE SERIES ARE :■ 
and Huntingdonshire i 










